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Abstract
This dissertation provide a comprehensive study of the mechanical prop-
erties of lattice structures. Two types of topologies were considered includ-
ing two-dimensional triangular lattice and three-dimensional octet-truss lat-
tice. Prior analytical and numerical studies have shown that the triangu-
lar lattice is one of the stiffest geometries of two-dimensional lattices. In
this work the modulus, tensile strength and fracture toughness of the lat-
tice have been measured experimentally using the specimens cut from an
Aluminium sheet. The dependence of the mechanical properties on the ori-
entation of the lattice has also been revealed. It has been found that the
tensile strengths and fracture behaviours vary markedly with the lattice
orientation, while the modulus was almost isotropic. A significant prop-
erty anisotropy was also observed in the octet-truss lattices that its modulus
can be varied by 20% and the strength can be double when lattice orienta-
tion was changed. The validity of linear elastic fracture mechanics (LEFM)
was examined on three-dimensional lattices. It shows that the LEFM can
be adequately adopted in the lattices with straight crack fronts, while a
curved crack front generates more complexity in the structure configura-
tion ahead of the crack tip, and results in a significant discrepancy in the
measured toughness compared to the models with linear crack fronts. Ex-
perimentation has been performed to characterise the fracture behaviour of
three-dimensional octet-truss lattices manufactured using a Selective Laser
Melting(SLM) technique. The fracture toughness and KR curves have been
measured. An increase in fracture resistance was observed during the crack
extension. Furthermore the influence of lattice orientation on the fracture
behaviour has been illustrated. It shows that a change in orientation will
result in a different crack path, but the effect on fracture toughness is small.
Numerical approaches were applied to simulate the progressive damage be-
haviour of the lattices, where a fairly well agreement was achieved between
the numerical predictions and experimental measurements.
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Superior mechanical properties are discovered from natural cellular materi-
als such as woods [8], bamboo[9], honeycombs and bones which are evolved
to a carry particular loading condition. For example bamboo and wood ex-
hibit particular high strength along the longitudinal direction to withstand
wind [10, 11]. These natural materials exhibit high efficiency, where the re-
quired properties can be achieved at a small weight. The improved mechan-
ical performance is achieved by strategical arrangement of components.
Lattice structures are artificial cellular structures inspired by natural ma-
terials. The structures are made up by interconnected beams and arranged
in periodic manner. Hence, various superior material properties such as
high stiffness and strength are able to be obtained at a low density shown in
Figure 1.1.
Lattice components are increasingly used in various engineering and
medical applications such as bone replacements [12, 13], lightweight multi-
functional structures [14, 15, 16, 17]. With advances in modern manufactur-
ing technique, complex geometries are able to be directly fabricated from
computer aided design(CAD) models. A wide range of structures may be
created with unique properties by manipulating cell configurations, for ex-
ample auxetic structures[18] which exhibit negative Poisson’s ratio.
In recent years, there has been an increasing interest in mechanical per-
formances of lattices such as stiffness, strength, energy absorption, and frac-
ture properties. Analytical and numerical methods are developed aiming
for a better prediction of lattice behaviours, and meanwhile seeking for a
way to optimise existing structures [19, 20, 21]. However, due to the difficul-
ties in specimen fabrication techniques, not many experimental works have
been performed on lattices particularly for fracture. Therefore, a compre-
hensive study is needed to achieve a better understanding of the accuracy
of existing prediction techniques.
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26 CHAPTER 1. INTRODUCTION
(a)
(b)
Figure 1.1: Material property chart for (a) Young’s modulus (b) strength.
Material values were sourced from [1]
1.2. THESIS OUTLINE 27
1.2 Thesis outline
Overall, the work presented in this dissertation is to develop a greater un-
derstanding of the mechanical properties of lattice structures including mod-
ulus, strength and fracture behaviours. This work expands on the out-
comes from previous studies on numerical evaluation of lattice properties
[5, 3] and provides accurate experimental measurements on two and three-
dimensional lattices fabricated though modern manufacturing techniques.
There are two main objectives: (i) experimentally determine the mechani-
cal properties of the lattices and assess the validity of the existing predic-
tion techniques including numerical and analytical approaches. (ii) assess
the validity of using linear elastic fracture mechanics for predicting fracture
strength of lattices.
An overview of the published work in the field of mechanical properties
of lattices is provided in Chapter 2. The Chapter presents lattice properties
in four aspects including modulus, tensile strength, fracture behaviours and
fabrication processes.
An comprehensive study of mechanical behaviours of two-dimensional
triangular lattice is presented in Chapter 3. The modulus, strength and frac-
ture toughness are experimentally characterised. The fracture behaviours
such as crack paths and load-displacement responses are reported. The sig-
nificance of lattice orientation is demonstrated to explore the anisotropy of
each properties. This study provides a better understanding of the mechan-
ical performances of two-dimensional triangular lattices and reveals the va-
lidity of numerical predictions.
In Chapter 4, the properties of the three-dimensional octet-truss lattice is
determined including modulus, strength and Poisson’s ratio. An analytical
approach is provided to derive properties of the lattice, followed by a nu-
merical analysis which is performed to assess the size and orientation effect.
Finally, an experiment is presented to validate the accuracy of the numerical
predictions.
In Chapter 5, an experimental study is presented to demonstrate frac-
ture behaviours of the octet-truss lattices. This work implements an ad-
ditive manufacturing technique in the specimen fabrication process. The
quality of the specimens in terms of the porosity and dimensional accuracy
has been revealed by the results of X-ray computed tomography(XCT). The
fracture toughness of the lattice has been measured from different lattice
orientations. The crack paths and KR curves have also been determined
experimentally. Finally, conclusions are presented in Chapter 6, where rec-
ommendations for future works are also made, based on the outcomes of
this thesis.




This chapter introduces a review of previous work on the mechanical prop-
erties of both two and three-dimensional lattices including modulus, strength
and fracture toughness.
The first section introduces the concept of lattice structures and describes
lattice deformation under macroscopic loading. The lattice classification is
provided based on the deformation mode of a unit cell. An overview of
modulus and strength of lattices is provided next including their scaling re-
lationships with strut dimensions and material properties. The significance
of model size and lattice imperfection on their mechanical properties are
also considered.
The next section begins with a summary of linear elastic fracture me-
chanics(LEFM), followed by evaluation of the fracture toughness of brittle
two-dimensional lattices. The expression for the fracture toughness is for-
mulated as a function of the relative density and failure strength of the ma-
terial. Next the criterion for the mixed-mode fracture is revealed using a nu-
merical technique. Then it goes on to the fracture of ductile lattices where
the fracture resistance is characterised based on the ultimate tensile strain
and yield stress.
A numerical approach is described to assess the validity of using LEFM
on two-dimensional lattices. An overview of post-fracture behaviours of
lattices is also introduced where crack patterns for different topologies un-
der Mode I loading are presented. The final section describes the fabrication
techniques for two and three-dimensional lattices where the limitations of
current manufacturing processes are also reported.
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2.2 Lattice deformation
A lattice structure is a category of material made by periodic arrangement of
beam components typically in a few millimetres. Thereby, it is also known
as architectured material or reticular structures. Figure2.1 and 2.2 illustrate
several two and three-dimensional lattice topologies and their unit cells.
Some unit cell is made of a compound geometry for example unit cell of the
kagome lattice is created by a hexagon with 6 triangles distributed on each
edge.
When a macroscopic load is applied to such a structure, individual beam
component carries bending or axial stress. The macroscopic behaviour of
lattice is associated with the stress state and deformation modes of each
unit cell. From this point of view, lattice structures offer an opportunity to
design macroscopic material properties through a careful manipulation of
unit cell configurations. Consequently, useful material properties such as
high toughness, high strength, and high energy absorption can be achieved
at a very low density.
(a) Triangular lattice (b) Kagome lattice
(c) Square lattice (d) Hexagonal lattice
Figure 2.1: Two-dimensional periodic lattices




Figure 2.2: Three-dimensional periodic lattices
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Deshpande et al.[22] established the relationship between lattice defor-
mation and nodal connectivity, Z. From their work, lattices are classified
based on the strut deformation mode, and consequently two types of lattices
are defined including stretch-dominated and bending-dominated topolo-
gies. Criterion has been developed to identify the deformation mode of
the lattices. The stretch-dominated lattices are rigid structures which are
both kinematically and statically determinate, as shown in Figure2.10, while
bending-dominated lattices comprise a mechanism and the struts are free to
rotate about the joints. Hence, the types of lattice deformation are exam-
ined by the Maxwell’s criterion. The criteria for two and three-dimensional
topologies are expressed as:
b = 2j− 3 (2.1)
and
b = 3j− 6 (2.2)
where b is the number of struts and j is the number of nodes. For an
infinite periodic structure, the number of struts b can be approximated as:
b = Zj/2 (2.3)
Hence the condition of rigidity is related to the nodal connectivity Z.
Deshpande et al. concludes that Z = 6 and Z = 12 are the necessary
and sufficient condition for two and three-dimensional lattices to be stretch-
dominated. Generally, a stretch-dominated lattice offers high stiffness and
strength, suggesting a significant benefit for them to be used in lightweight
structure applications, while bending dominated structures are more com-
pliant and often be used as an energy-absorber particularly for re-entrant
structures[23, 24] which exhibit superior deformability.
(a) (b)
Figure 2.3: (a) Example of a rigid structure and (b) a mechanism
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2.3 Lattice modulus and strength
Gibson and Ashby[2] explored mechanical properties of two-dimensional
lattices. From their work, the macroscopic properties are analytically de-
rived using beam theory, where each strut behaviour is treated as a Bernoulli-
Euler beam. This beam model assumes the plane section always remain as a
plane and is perpendicular to the neutral axis before and after deformation,
while shear stress is neglected[25]. The mechanical properties of the lattices
such as modulus and strength are expressed in terms of strut dimensions
and material properties. However these expressions include unknown coef-
ficients which are determined from experiment results. Fleck [5] conducted
numerical analysis and expressed the in-plane modulus of two-dimensional




where Es is modulus of the material, B and b are constants dependent
on lattice topology given in Table 2.1. t and l are the strut thickness and
length. The parameter ρ is the relative density, which is the ratio between










The exponent b indicates the sensitivity of lattice modulus on the change
of relative density, ρ. It has been noticed that b = 1 for stretch-dominated
structures i.e. two-dimensional triangular and kagome lattices. Greater
value of b is found for bending-dominated structures i.e. hexagonal lattices,
as the macroscopic deformation is related to the bending deflection of the
struts.
Topology A B b v C c
Hexagonal 2/
√
3 3/2 3 1 1/3 2
Triangular 2
√
3 1/3 1 1/3 1/3 1
Kagome
√
3 1/3 1 1/3 1/2 1
Table 2.1: Property coefficients for isotropic lattices [5].
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Anisotropy of in-plane modulus of two-dimensional lattices was described
in a schematic drawing by Gibson and Ashby[2] shown in Figure2.4. It indi-
cates the modulus of triangular, kagome and hexagonal lattices are isotropic,
while the modulus of the square lattice is significantly dependent on lat-
tice orientation; The lattice exhibits high modulus when load applies in the
strut direction, and drops dramatically with an increase in angle between






Gurtner[27] analytically derived the existence of a theoretical upper bound
for modulus of isotropic lattices based on the principle of minimum poten-
tial energy[28]. The predicted result for a two-dimensional lattice topology
agreed well with the Hashin-Shtrikman(HS) bound[29], which also coin-
cided with the modulus of two-dimensional triangular lattices. It indicates
that for a given density, the triangular lattice is the stiffest topology among
two-dimensional structures. The study also provided the prediction of the







Figure 2.4: Anisotropy of lattice modulus, Reproduced from Gibson and
Ashby[2]
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The above prediction was found to be significantly lower than the HS
upper bound, indicating the theoretical HS upper bound is unreachable
for three-dimensional lattices. Deshpande et al.[30] investigated effective
properties of an octet-truss lattice, which is a three-dimensional stretch-
dominated structure. Its unit cell is shown in the Figure2.2 (c), which is
a face-centered cubic cell comprised of an octahedron with 8 tetrahedrons
sub cells distributed on its faces. In their work, the compliance tensor of
the lattice was explored. A small discrepancy was noticed for the modulus
measured from different loading directions. Dejean and Mohr[31] explored
conditions for achieving isotropic modulus for a three-dimensional lattice.
They suggested that an isotropic modulus could be theoretically achieved
by a compound topology combined with a simple cubic, a body-center cubic
and a face-centered cubic (octet-truss lattice) cells.
Wang[32] analytically derived in-plane yield strength for two-dimensional
periodic lattices under uniaxial loading, by relating the macroscopic applied
stress to the maximum axial stress reached in the strut. The lattice strength
is reached when the maximum axial stress attained at the material failure




where c and C are constants shown in Table 2.1. Note that the strength
scales linearly with relative density, ρ, for stretch-dominated structures such
as triangular and kagome lattices. In contrast, the strength of hexagonal
lattice scales with ρ2. It indicates a stretch-dominated structure exhibit sig-
nificantly higher strength compared to that of bending-dominated structure
particularly at a very low density. The failure mechanism of two-dimensional
lattices are analytically explored through a matrix method by Hutchinson
and Fleck[33]. Dong et al.[34] measured compressive strength of a three-
dimensional octet-truss lattice made with titanium alloy. They expressed







This result was found to be comparable to the HS upper bound for an
isotropic material[1]. Deshpande et al.[30] performed a numerical analysis
to characterise the plastic yielding collapse surfaces of the octet-truss lattice,
where the yield strength was evaluated for the lattice under different load-
ing conditions. An anisotropic yield criterion was proposed in this study to
describe the yielding of the lattice subjected to a compressive loading.
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The use of three-dimensional lattices as core material for sandwich struc-
ture has been studied extensively. Wicks and Hutchinson[16] reveals that
an optimised truss core panels are superior for taking bending and com-
pressive load, and are more weight efficient compared to honeycomb core
sandwich panels. Lee et al.[35] experimentally characterised both static
and dynamic compressive behaviours of a pyramid truss core where an
excellent compressive strength was measured at a low density. A fabrica-
tion technique for titianium matrix composite lattices was developed by
Moongkhamklang et al.[36]. They showed that the lattice created in their
study exhibited the highest specific strength and stiffness compared to other
existing three-dimensional lattices used in practice.
Meza et al.[37] introduced a method to extend the property space of lat-
tices by making lattices with hollow struts. The work illustrated the differ-
ence in mechanical behaviours of hollow-beam lattices compared to that of
solid beam lattices and revealed their complex parameter space. A recent
study optimised mechanical properties of lattices by replicating micro-scale
structure of crystalline materials [38]. The lattice was created by a combina-
tion of different types of unit cells and arranged in multiple orientations to
tailor compressive behaviours such as strength, hardening coefficient and
damage paths.
From much of published works, the theoretical predictions of lattice
properties were based on the assumption that all unit cells are subjected
to an identical stress state. This assumption is inadequate for finite grid
where boundary effects are not negligible, for example kagome lattices ex-
hibit significant compliant mode at its boundary compared to the cells at
the center[39]. Onck [40] investigated the influence of reducing model size
on the mechanical properties of lattices. In his work, the two-dimensional
hexagonal lattices were created with different width, W shown in Figure
2.3. A uniform compressive load was applied to each model to evaluate
their modulus and strength. The study reveals that the modulus and com-
pressive strength of the lattice reduces with model width, W, caused by the
highly compliant structure of the two free edges. These conclusions are il-
lustrated through an experimental study performed by Andrews et al. [41].
The influence of imperfection on lattice properties was considered in the
literature including missing struts, fractured struts, stochastic dispersion of
nodes and rigid inclusions. Symons [26] reveals that these imperfections re-
sult in a significant reduction in modulus particularly for the lattices with
low nodal connectivity, Z, such as kagome and hexagonal lattices, while
the influence is small for triangular lattices. Chen[42] discussed the knock-
down in yield strength caused by imperfection in lattices, and reported that
the fractured strut produced the largest knock-down effect compared to
other imperfection types.
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Figure 2.5: Two-dimensional hexagonal lattices model under uniform com-
pressive load.
2.4 Fracture of lattice structures
2.4.1 Linear elastic fracture mechanics
Griffith [43] introduced concept of thermodynamics system to a cracked
body, where energy balance equation was applied. The strain energy re-








Where the ∏ is the potential energy supplied by the internal strain en-
ergy and external force. Based on stress analysis of Inglis [44], Griffith ex-





Where γs is the surface energy of the material. Based on works of Irwin,
Westergaard and Williams [45, 46, 47], a closed-form expression of stress
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Figure 2.6: crack tip stress tensor
The K was a constant known as the stress intensity factor [48], which can
be expressed in a form of:
K = σ
√
πa f (a/W) (2.14)
The σ is the stress applied on the cracked body and the f (a/W) is a
non-dimensional geometry factor given in the previous work [49]. For the
higher-order terms, the Am is a constant and gij is a dimensionless factor
depending on θ. As r approaches to 0, the leading term is infinity, and be-
comes dominant in comparison with the higher-order term. However, the
influence of the higher-order term was found to be significant under Mode
II and III fracture or mixed Mode loading conditions [50].
2.4.2 Fracture toughness
Gibson and Ashby[2] provided an analytical approach to derive the Mode
I fracture toughness, KIC, of brittle hexagonal lattices. In their analytical
model, an infinite centre-cracked lattice plate was subjected to a remote ap-
plied stress, σ22, as shown in Figure 2.4.2. The applied stress intensity factor,
KI , was related to the axial stress, σs, in the most heavily loaded strut (strut











The fracture toughness, KIC,was then calculated by substituting the axial
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where C1 and C2 are coefficients determined from experiment. The same
approach was adopted by Fleck and Qiu[5] to derive the fracture toughness





Figure 2.7: Hexagonal lattice subjected to remote tensile load
Huang and Lin[51] derived a criterion for mixed-mode fracture of brittle
two-dimensional lattices subjected to a combination of uniform tensile and
shear stress. The axial stress in the most heavily loaded strut was analyti-
cally related to applied KI and KI I through a linear superposition principle.







Schmidt and Fleck[52] reported a numerical approach to evaluate the
fracture toughness of two-dimensional lattices known as boundary layer
analysis(BLA). The physics of the method was similar to the analytical method.
In this method, a K-controlled stress field is created and the axial stress of
the most heavily loaded strut is directly evaluated for a given stress inten-
sity value,K. This is achieved through a large circular lattice model with pre-
scribed nodal displacements and rotations on the outer boundary according
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Figure 2.8: Lattice boundary layer model
where ω is the in-plane rotation and k = (3− v)/(1 + v). G is the shear
rigidity of the lattices obtained from the Eqn.2.7. Fleck[3] introduced two
types of criteria for strut failure : (i) maximum tensile strain criterion and
(ii) average tensile strain criterion. The former criterion assumes that strut
failure occur when the maximum tensile strain within the strut attained the
material failure strain. The later criterion dictates the failure based on the
mean tensile strain across the strut section. The strut is considered to be
failed when the mean tensile strain across the beam section reaches to the
failure strain. The study suggests that the first criterion is suitable for char-
acterising the failure of brittle struts, while the second one is more adequate
for the failure of ductile struts where the strut rupture involves a significant
necking behaviour. The fracture toughness, KIC, was found when the failure
condition was reached at the most heavily loaded strut. The general scaling
relation for fracture toughness of lattices, relative density and failure stress







D and d are constants depending on topology, as shown in Table 2.2.
The exponent d shows the sensitivity of fracture toughness to the change
of relative density. For kagome lattices, the d was equal to 0.5 indicating
the fracture toughness is less affected by the change of relative density. In
contrast to the kagome lattices, the toughness of hexagonal lattices degrade
rapidly with the reduction of relative density.
Fleck and Qiu [5] adopted the BLA method to explore the mixed-mode
fracture criterion for isotropic two-dimensional lattices. Figure 2.9 shows
the evaluated failure locus, where the label indicates the location of the
maximum axial stress under different combinations of KI and KI I shown
in Figure 2.10.
Topology D (Mode I) D (Mode II) d for both modes
Hexagonal 0.80 0.37 2
Triangular 0.50 0.38 1
Kagome 0.212 0.133 0.5
Table 2.2: The coefficient for lattice fracture toughness [5]
Figure 2.9: Mixed-mode fracture curve for two-dimensional lattices.[3]




Figure 2.10: Crack tip structures for two-dimensional lattices
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The toughness of an elastic-plastic honeycomb was employed by Schmidt
and Fleck[53] using the BLA method based on the assumption of small scale






where σy is the material yield strength, σf is the material failure stress, KY
is the characteristic toughness at which cause struts start to yield. The linear
scaling between KC, and
σf
σy
was illustrated in the study using a set of FE
analyses. The FE results also reveal that the decrease in material hardening
leads to an increase in fracture toughness. This is because the reduction
of material hardening results in a larger deformation at the crack tip for
achieving the failure strength. A more sophisticated expression of fracture
toughness of ductile lattices was characterised by Tankasala et al.[3] using











εy and σy are the yield strain and strength. α and n are coefficients de-
scribing the hardening behaviour of the material. The study related the axial
strain in the first strut at the crack tip to the applied stress intensity factor




εT is the maximum local tensile strain and K is the applied stress inten-
sity. Based on the outcome of fracture toughness of brittle lattices, Eqn.2.20,









εY and σY are the yield stain and strength, n is the strain hardening expo-
nent. The solution was numerically confirmed for n ranging from 1 to 500.
The study also investigated the size and shape of the plastic zone for two-
dimensional lattices shown in Figure 2.11. It shows that each plastic zone
contained two lobes, one pointing forward and one pointing backward. For
isotropic topologies such as triangular and kagome lattices, the shape of the
plastic zones are similar to that of a solid material, while for diamond lat-
tice, the shape of the plastic zone exhibited strong orientation dependency,
where two elongated lobes were orientated along the strut directions.
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It was also found that the shape of plastic zone was insensitive to the
change of material properties. The size of plastic zone was characterised by
rP, defined as the maximum extent of plastic zone from the crack tip, which





where α is a constant depending on the lattice topology. Masta et al.[4]
performed an experimental study to explore fracture properties of three-
dimensional octet-truss lattices made from high strength titanium alloy. A
series of three-point bending tests was conducted for single edge notched
bend (SENB) specimens defined by ASTM standard E1820 [54]. The speci-
mens were fabricated using snap-fit and vacuum brazing methods.
The toughness was measured from specimens created with different rel-
ative densities, ρ, ranging from 8% to 19%, corresponding to the measured
toughness ranged from 2 MPa
√
m to 14 MPa
√
m. The study reported that
the Titanium octet-truss lattices exhibit the highest combination of strength
and toughness compared to other materials at a similar density such as
woods. The study also revealed that the fracture toughness of scales lin-






During the crack growth, visible strut failure was noticed around the
node-truss joint, and micro-cracks were also formed within the braze ma-
terial. The study suggests that the multiple failure locations contributed to
a crack tip shielding mechanism and resulted in an increase in the fracture
toughness. Furthermore, R-curve was evaluated based on the measured
fracture load, where an increase in fracture resistance was observed with
increasing crack length. Masta et al. suggested that the rising R-curve was
mainly attributed to the energy dissipation caused by the significant plastic
deformation at the joints, particularly for lattices with a high relative den-
sity, ρ, where the volume of the joints were large.
Romijin [55] investigated the effect of lattice imperfections on fracture
toughness using two-dimensional lattices. He concluded that the knock-
down effect on fracture toughness was significant for lattices with interme-
diate nodal connectivity, Z, such as kagome and square lattices (Z = 4), due
to the change of deformation mode from stretching to bending. For lattices
with either low or high nodal connectivity, Z, such as hexagonal (Z = 3)
and triangular lattices (Z = 6), the toughness is less affected.
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(a) (b)
(c) (d)
Figure 2.11: Schematic drawing of plastic zone of two-dimensional lattices
under Mode I loading: (a) triangular lattice (b)kagome lattice (c) diamond
lattice (d) hexagonal lattice. Reproduced from Masta[4]
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2.4.3 Strength of cracked lattices
Fleck[5] demonstrated the use of LEFM for predicting fracture strength of
two-dimensional isotropic lattices including triangular, hexagonal and kagome
lattices. Fleck created a large centre-cracked lattice model and evaluated the
fracture strength based on the stress state of the most heavily loaded strut
at the crack tip. The results were compared to the prediction of LEFM tech-

























Figure 2.12: Center cracked model subjected to different loading conditions:
(a)uniaxial (b) biaxial (c) shear
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The study revealed that the fracture strength of lattices is adequately
characterised using LEFM for large crack sizes. When the crack size is of the
order of the cell size, the fracture strength is close to the unnotched strength
due to the small stress concentration at the crack tip for lattices, as shown
in Figure 2.13. For uniaxial loading, the FE evaluated fracture strength was
found to be lower than the LEFM predictions, while this discrepancy was
smaller for the condition of biaxial tension. Fleck et al. interpreted this phe-
nomenon as a consequence of T-stress. A significant negative T-stress exhib-
ited in the centre-cracked model resulted in an increase in axial stress at the
crack tip leading to a reduction of the fracture strength. Under the condi-
tion of biaxial tension, a horizontal tensile load was imposed on the model
in the same magnitude as the vertical loading, the net T-stress is close to
zero leading to a better accuracy of the LEFM predictions. By conducting
the analysis with different magnitude of horizontal tensile stress, the influ-
ence of T-stress on the axial stress at the crack tip was characterised as a





A1 and B1 are constants depending on lattice topologies. B1 = 1 was
found for stretch-dominated structures including triangular and kagome
lattices. A greater value of B was found for hexagonal lattices, where the
strut bending is significant.
Figure 2.13: Comparison of FE evaluated fracture strength and LEFM pre-
diction for triangular lattice. Reproduced from [5].
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A transition crack size, aT, was introduced such that for a > aT, the
fracture strength can be reasonably determined by LEFM, while for a <
aT, the fracture strength can be approximated using the tensile strength of
unnotched lattices. Fleck et al. expressed the transition crack size for two-







Alonso and Fleck[56] performed a similar numerical analysis to evaluate
the strength of cracked anisotropic square lattices, and assess the validity of
using LEFM. A very similar conclusion was reached compared to that for
the isotropic lattices that the LEFM can only be used when the crack size
is much exceed to the cell size. A series of three-point bending fracture
tests were carried out to experimentally determine the transition crack size,
aT of the square lattices, and hence to identify the strength-controlled and
toughness-controlled regimes, as shown in Figure 2.14. From their work,





Figure 2.14: Schematic drawing for strength and toughness-controlled frac-
ture strength of square lattices. Reproduced from[6]
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2.4.4 Crack growth simulation
Cui et al.[7] simulated the crack propagation in two-dimensional ductile lat-
tices under Mode I loading. The strut material property was characterised
using Johnson-Cook model, where the yield criterion was expressed as:
σY = (A + Bεnp)[1 + C ln(
˙εp
ε̇0
)](1− TmH ) (2.32)
where A is the material yield strength, B is the strain hardening con-
stant, C is strengthening coefficient for the strain rate, n is the hardening
coefficient and m is the thermal coefficient. The strut behaviour was mod-
elled using Timoshenko beam element with linear interpolation functions.
Element deletion algorithm was triggered when failure condition was met.
From the work of Cui et al. the models were subjected to different strain rate
ranging from 10 s−1 to 1000 s−1. It was found that the material softening be-
haviour was only observed at strain rate of 10 s−1. No softenning behaviour
was found under a high strain rate, and the applied stress rapidly dropped
down to zero when the failure condition was reached at the crack tip.
Various crack patterns were observed from different lattice topologies
including hexagonal, triangular and kagome lattices. For a centre-crack
model, triangular lattices exhibited an X-type crack pattern after crack ini-
tiation, while the Butterfly-type, Petal-type crack patterns were observed
from hexagonal lattices with different initial flaw types, as shown in Figure
2.15.
Schmidt and Fleck[53] modelled crack growth in a ductile hexagonal lat-
tice under a static loading. Compared the work of Cui et al. a different el-
ement deletion technique was adopted. The element attained failure condi-
tion were firstly replaced with axial and transverse forces, which were then
ramped down to zero over the loading step. This work demonstrated a tor-
tuous crack path for hexagonal lattices under Mode I loading. Furthermore,
fracture resistance was computed after each increment of crack extension.
An increase in fracture resistance was observed due to the growing plastic
zone.
An alternative numerical approach was introduced by Lipperman and
Ryvkin[57] to predict crack path of brittle two-dimensional lattices. In such
approach, the stress field of an unbounded infinite lattice was calculated us-
ing a combined structural variation and representative cell method[58], by
which the location of the maximum stress was determined. It shows that un-
der a remote uniaxial tensile load, the crack paths of triangular and kagome
lattice aligned perpendicularly to the load, while for hexagonal lattice, the
crack inclined at 30◦ to the loading direction.




Figure 2.15: FE predicted crack pattern for two-dimensional topologies: (a)
triangular lattices (b) hexagonal lattice with vacancy defect (c) hexagonal
lattice with rigid inclusion. Reproduced from Cui et al.[7]
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2.5 Lattice fabrication
This section provide a review of fabrication techniques of producing lattice
structures. Two-dimensional honeycombs are often fabricated using bond-
ing techniques including expansion and corrugation methods[59]. For the
expansion method, metal sheets are firstly bonded by strips of adhesive ap-
plied at specific locations. The bonded sheets are then expanded to form
a honeycomb geometry, as shown in Figure 2.16(a). For the corrugation
method, the metal sheets are firstly pressed by toothed rollers to form pe-
riodic patterns, which are then bonded by adhesive, as shown in Figure
2.16(b). Investment casting is a fabrication technique for three-dimensional
lattices [60]. This technique consists in three operations: first a lattice pat-
tern, made from low melting point material, is produced using a rapid pro-
totyping methods. Then the pattern is dipped into a ceramic slurry (as in-
vestment material) to form a solid mold. In the following step, an heating
process is performed to evacuate the pattern materials in order to fill in the
molten metal. Once the molten metal is solidified, the pattern material is
removed by using hand tools.
(a)
(b)
Figure 2.16: Schematic drawing of honeycomb fabrication process: (a)the
expansion method, (b)the corrugation method.
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However, each of these techniques has its own limitations. For exam-
ple, the expansion and corrugation methods are not capable of producing
complex topologies. Whereas the investment casting technique is not cost-
effective and it also requires the material to have high fluidity.
Additive manufacturing(AM) provides the most effective solution for
fabrication of lattices in terms of time and cost, where complex geometries
can be directly produced from Computer Aided Design(CAD) models. Al-
though there are many types of AM processes developed in the past such
as Electron Beam Melting(EBM), Direct Laser Fabrication(DLF), and Selec-
tive Laser Melting(SLM) [61, 62, 63], their principles are similar, in a sense,
they build three-dimensional objects by creating and stacking up consecu-
tive layers of cross-sections. The AM processes start with spreading a layer
of metal powder on the build platform. Then the layer of powder is selec-
tively melted and solidified according to the target geometries.
For the DLF and SLM process, the fusion of metal powder is induced by
a laser beam. The only difference is that the metal powder melts completely
in the SLM process, whereas the DLF process heats up the powders to a tem-
perature for them to chemically fuse. The EBM process uses a high energy
electron beam instead of a laser beam, which effectively reduces residual
stress induced during the fabrication process. Also a faster building speed
can be achieved by using the EBM technique, but the sample qualities in
terms of the dimensional accuracy and material properties are significantly
limited due to its high temperature build environment. The EBM process is
conducted under vacuum with building temperature higher than 870K[64].
In contrast to the EBM, the SLM process operates under an inert atmosphere
with a relatively cold build environment, which enables producing small
features with fine microstructures[61, 65].
The limitations of today’s AM machine capability results in significant
uncertainty in the mechanical properties of AM produced lattices. For in-
stance, the strut dimensions often deviate from the target values, and the
sample quality are affected by fabrication parameters[66]. Also the proper-
ties of individual strut changes with the build directions, leading to varia-
tion of the macroscopic properties of the lattices[67]. Alsalla et al.[68] per-
formed fracture test using three-dimensional lattices manufactured using
Selective Laser Melting(SLM) process. This work reported a 30% difference
in the toughness measured from lattice samples built along two different
directions. Hence the influence of these uncertainties need to be taken into
consideration when implement the AM produced lattices in engineering ap-
plications.
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2.6 Concluding remarks
This chapter reviewed the studies concerning the mechanical properties of
lattices including modulus, strength and fracture toughness. The scaling re-
lations between lattice properties, cell geometry and parent material prop-
erties have been given.
It began by considering the relationship between lattice deformation and
nodal connectivity, Z, followed by a review of modulus and strength of lat-
tices. It shows that the lattices with high nodal connectivity, Z are stretch-
dominated. In such lattices, the macroscopic loading is accommodated by
stretching of struts resulting in a high stiffness and strength. The lattices
with low connectivity, Z, are very compliant due to the bending-dominated
deformation in each unit cell.
Next section introduced the fracture toughness of lattices under differ-
ent loading conditions. The expression of fracture toughness was formu-
lated in terms of the relative density, ρ, and material failure strength, σf .
Then the use of linear elastic fracture mechanics(LEFM) was assessed using
two-dimensional lattice models, where a reasonable accuracy was achieve
for the model with a large crack size. Furthermore, the crack growth simu-
lation revealed that the crack paths of lattices significantly depended on the
topology and initial flaw pattern. Whereas the loading rate only affected the
lattice softening behaviour.
Finally, a review of lattice fabrication methods was provided includ-
ing adhesive bonding, investment casting and additive manufacturing(AM)
techniques. By using the AM process, various complex topologies can be di-
rectly manufactured from Computer Aided Designed (CAD) models. How-
ever, the fabricated lattice structures suffer from significant anisotropy caused
by the influence of the build direction, and are problematic for theoretical
characterisation of their properties. Hence, there is a need to perform ex-
perimental studies to develop a greater understanding of mechanical prop-
erties of lattices fabricated from the modern manufacturing processes and
assess the accuracy of existing prediction methods.
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Chapter 3
Mechanical properties of 2D
triangular lattices
3.1 Introduction
In this chapter, a comprehensive experimental study is presented to explore
the mechanical behaviour of two-dimensional triangular lattices. The accu-
racy of analytical models and numerical predictions are assessed.
First, the lattice modulus is derived from a simple analytical model, fol-
lowed by a set of numerical analysis aiming to investigate the significance
of lattice orientation. Next, the influence of lattice size on the modulus is
revealed, and the model size required to achieve the asymptotic modulus
result is determined. Then an experimental study is presented including a
description of specimen fabrication process and details of experiment pro-
cedures. The measured results are then used to validate the numerical and
analytical predictions.
Next, the tensile strength is measured for the lattices fabricated in two
orientations. The loading condition is identical to the modulus measure-
ment, but the specimen geometries are modified to reduce the influence of
stress concentration. The specimens are loaded to failure under a static load-
ing condition to characterise the failure mechanism. FE simulations are pre-
sented next by adopting the defined failure criterion and element deletion
technique. A comparison between the numerical predictions and experi-
mental observations are presented.
Then, the fracture toughness of the lattice is evaluated using a set of fine-
grid FE models created with various lattice orientations, aiming to assess
the anisotropy of the toughness. Next, a set of fracture tests are performed
using single edge notch tension(SENT) specimens made with two orienta-
tions. The fracture behaviours of different lattice orientations are compared
including toughness, fracture response curves and crack paths. Finally, FE
simulations of crack growth are performed to compare with the experiment
results.
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3.2 Lattice modulus
3.2.1 Analytical calculation
The triangular lattice is made by triangular cells which follows Maxwell’s
criterion. Hence struts exhibit stretch dominated deformation under me-
chanical load [22]: the struts are predominantly subjected to axial stresses
where the contribution of bending is a second order effect[32], particularly
for lattices made by slander beams. Therefore, in analytical calculations of
lattice modulus each strut is taken to behave as a pin-jointed bar. For the
sake of simplicity, the analytical model is chosen for a specific orientation
shown in Figure 3.1 where the lattice includes struts aligned parallel to the
loading direction.
In each unit cell, the load is predominantly taken by the vertical strut,
see Figure 3.1. Hence, the macroscopic applied stress, σapp, can be related to
the local strut axial stress, σs, by:
σappβb = σsbt (3.1)
where b is the lattice thickness and t the strut thickness. The lattice mod-











where Es is the Young’s modulus of the parent material. The subscript A
in E∗ denotes that this is an analytical prediction.
Figure 3.1: triangular lattice subjected to a remote uniaxial applied stress
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3.2.2 Lattice orientation effect
In this section, FE analysis is carried out using Abaqus 6.14 to explore the
dependency of the lattice modulus on the change in orientation. The lattice
orientation in this work is defined by the angle θ shown in Figure 3.2, the
angle between the loading direction and the axial direction of the family
of struts with the same orientation. For the θ = 0◦ orientation the vertical
struts are aligned with the loading direction. A triangular lattice has a 60◦
symmetry and therefore in this work θ varies from θ = 0◦ to θ = 30◦.
(a) θ◦ orientation (b) 0◦ orientation (c) 30◦ orientation
Figure 3.2: Definition of the lattice orientation angle θ. The direction of σapp
defines the direction of the applied load
Lattice models were created in 4 different lattice orientations with struts
length l = 10mm and thickness t = 1mm shown in Figure 3.3. Each strut
behaviour is modelled by one Euler-Bernoulli beam element (Abaqus el-
ement type B23), which contains 3 integration points, sufficient to simu-
late the elastic behaviour. The Young’s modulus of the parent material was
Es = 70GPa. The models were 100l long and 60l wide, the width being suf-
ficiently large to minimise the end effects caused by stress free struts on the
sides for the 10◦ and 20◦ orientations.
Uniaxial tension was applied at one end while the other was fixed in the
axial direction but also allowing lateral contraction. The macroscopic strain
was obtained by evaluating the mean extension across the model width,
and divided by the gauge length. Figure 3.10 shows the modulus evalu-
ated from FE, which have been normalised by the relative density, ρ, and
the Young’s modulus of the parent material. It shows that the modulus of
a triangular lattice is almost isotropic, despite an approximately 2% lower
results measured from the 10◦ and 20◦ orientations compared to that for the
0◦ and 30◦ orientations.
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(a) 0◦ orientation (b) 10◦ orientation
(c) 20◦ orientation (d) 30◦ orientation
Figure 3.3: FE model lattice orientations
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3.2.3 Size effect on lattice modulus
This section investigates the influence of model size on modulus of triangu-
lar lattices and explores the minimum model size to achieve the asymptotic
material property. The size effect of the lattice modulus was investigated us-
ing FE models of the 0◦ orientation lattice and with a fixed unit cell width, β,
as shown in Figure 3.3a). Material properties and cell dimensions were the
same as those defined in the Section 3.2.2. Several different model widths,
W, were analysed. Each model is subjected to tensile load imposed by uni-
form loading on the top surface while the bottom surface is constrained
along the loading direction. The results are shown in Figure 3.4 where the
FE calculated lattice modulus, E∗, normalised using the analytical predic-
tion of Eqn. 3.2, is plotted versus the ratio of the specimen width, W, to cell
width, β, denoted as α.
Figure 3.4: Effect of model size on lattice modulus. The symbols are from
the FE simulations, the line is (α + 1)/α.
The calculated lattice modulus E∗ decreases asymptotically to a satura-
tion bulk lattice value E∗∞ as α→ ∞, which is almost identical to the analyt-
ical prediction. This effect can be interpreted as the applied force is propor-
tional to α+ 1, but the cross-sectional area is proportional to α. More specifi-
cally, each vertical strut is shared by two unit cell in an infinite lattice model,
while in a small model, considering an extreme case where α = 2, there are
three vertical struts wholly contained in a unit cell structure. Hence the cal-
culated modulus for model with α = 2 is 1.5 times of that for an infinite
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The lattice modulus was determined by conducting a set of tensile tests.
Due to the significant edge effect in 10◦ and 20◦ orientations, only the 0◦ and
30◦ orientation lattice specimens were considered. The specimen geometry
was designed based on the outcome of the previous study on size effect
shown in the Figure 3.4 to ensure a sufficient size to achieve the asymptotic
result. Also the specimen had to be long enough to avoid the end conditions
affecting the accuracy of the measurement of modulus.
Hence, the lattice specimen was designed with overall dimensions about
750mm long by 250mm wide. The specimen width was chosen so that the
ratio of the specimen width to unit cell size, α = 24, was large enough to
ensure that the measured modulus is indicative of the lattice property, E∗∞.
The length of the central section was around 550mm as shown in Figure.
3.5. FE was used to verify that the length of the specimens was suitable.
The ends of the sheet were left solid so that the sheet could be attached to
the test machine grips using pins as shown in Figure 3.5. The nominal strut
length and thickness were 10mm and 1mm.
Two specimens, one for each orientation, were machined from a 2mm
thick aluminium alloy Al1050A sheet through abrasive water jet cutting
(AWJC) technique. This technique involves introducing a stream of abra-
sive particles into high speed water jet and direct it towards metal sheet to
perform cutting[69]. The advantage of the AWJC method over other man-
ufacturing methods is that the specimen is not subjected to an increase in
temperature which minimises strut distortion.
The cutting process was performed using a Flow Mach2c waterjet cutter
equipped with an ultahigh pressure pump which is able to provide a maxi-
mum pressure of 400 MPa. The quality of the process significantly depends
on tuning parameters including water pressure, abrasive grade, abrasive
mass flow rate and standoff distance. The influence of the machine param-
eters on dimensional accuracy of specimen has been described in Ozcelik
[70]. The specimens were machined using a high pressure water jet with
mass flow rate of 15g/s, aiming to achieve good surface condition. A 120
grade ruby dust was used as the abrasive material with particle sizes of 106
to 250 micrometer. The small particle sizes was used to effectively reduce
the kerf taper angle caused by high rate of material removal at the jet en-
trance [71]. The waterjet nozzle width was chosen to be 0.5mm to achieve a
good dimensional accuracy.
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(a)
(b)
Figure 3.5: Uniaxial tensile tests of lattice specimens:(a) 0◦ orientation spec-
imen and (b) 30◦ orientation specimen
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The strut dimensions that were achieved by the AWJC technique are
shown in Figure 3.6(a), which are the mean values of measurements from
100 randomly chosen struts. The strut mean thickness is t = 1.1mm with a
standard deviation of 0.02mm. The circular water jet results in smooth lat-
tice corners with a fillet radius of about r = 0.5mm. The mean strut effective
length is l = 9.7mm, slightly shorter than the nominal value of 10mm due to
corner fillets. Figure 3.6(b) shows a detail of one of the specimens cut using
the waterjet method.
(a) (b)
Figure 3.6: Lattice manufacture by the waterjet method: (a) lattice dimen-
sions, (b) detailed photograph of one of the lattice specimens
3.2.5 Modulus measurement
To support subsequent FE analysis, a tensile test was performed to charac-
terise the material properties of the Al1050A aluminium alloy. A standard
dog-bone specimen with gauge length of 50mm was use to determine the
stress-strain curve of the materal, as shown in Figure 3.7, The Young’s mod-
ulus and the ultimate tensile strength (UTS) was measured to be as 70 GPa
and 139MPa. The initial yield stress was measured using a 0.2% strain off-
set, which was σy = 134MPa.
Then a tensile test was carried out on the lattice specimens. The ex-
periment configurations are shown in Figure 3.8, where both ends of the
specimens are pinned to a rigid fixture. A displacement-controlled tensile
loading was applied at rate of 1mm/min corresponding to the strain rate of
0.002 /min, followed by an unloading process before reaching to the elastic
limit. The specimen deformation were measured by an iMETRUM video
gauge system which tracks the positions of pre-defined points on the sur-
face shown in Figure 3.9 [72]. This technique is referred to as Digital Im-
age Correlation (DIC) which evaluate deformation of the interested area by
comparing digital greyscale images taken before and after a deformation
has occurred[73]. The gauge area was chosen at the central area of the spec-
imen with gauge length of 20l shown in Figure 3.9 .
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Ten targeted points were marked on the specimen, 5 points at each end.
The area of interest is manually defined around each targeted point and
ensure sufficient surface pattern is included. Video was recorded during
the test by a camera with resolution of 1.4 megapixels, and the system of-
fers frame rate of 17.8 fps, sufficient to capture specimen deformation under
quasi-static loading. The captured images are analysed using the iMETRUM
software tool, which applies recognition algorithms to detect the change in
position of the targeted areas. Hence macroscopic strain is measured, and
the linear stress-strain response was obtained. The lattice modulus was cal-
culated from the slope of the unloading curve, to avoid the influence of
plasticity effects.
Figure 3.10 shows a plot of the experimentally measured normalised lat-
tice modulus for lattice orientations of between 0◦ and 30◦. The experimen-
tal measured modulus are compared with those predicted by the analytical
and FE models, and a good agreement has been achieved. The FE results for
0◦ and 30◦ are slightly higher than for 10◦ and 20◦ resulting from the small
bending contribution from the intermediate orientations.



























Figure 3.7: Measured stress versus strain behaviour for Al1050A aluminium
alloy
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Figure 3.8: Experiment set-up for the lattice tensile test
Figure 3.9: Diagram showing the ten locations used for the video gauge
measurement of lattice extension


































Figure 3.10: Experimentally measured normalised lattice modulus com-
pared with the results of the analytical and FE models
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3.3 Lattice strength
3.3.1 Evaluation of lattice initial yield strength
(a) 0◦ orientation (b) 30◦ orientation
Figure 3.11: Unit cell of triangular lattice in different orientations
The analytical calculation for the initial yield strength of triangular lat-
tice has been performed on two different orientations shown in Figure 3.11.
As mentioned in Section 3.2.1, for 0◦ orientation, the applied stress is pre-
dominantly distributed through vertical struts. Hence, the initial yield strength
of a 0◦ triangular lattice, σ0ys, can be obtained by replacing σs in Eqn. 3.1 with










For a 30◦ orientation lattice, all struts are subjected to tensile and com-
pressive stresses. The applied stress is related to the axial stress in struts at
30◦ to the loading axis by:




The yield strength of the lattice can then be obtained by replacing the









From Eqns. 3.4 and 3.5 the yield strength of the 30◦ orientation is about
1.5 times higher than that of 0◦ orientation.
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A set of FE analyses is performed to explore the dependency of lattice
orientation on its yield strength, σ∗ys. The analysis conducted in Section 3.2.2
as shown in the Figure 3.3 was repeated using the measured material prop-
erties from the tensile test shown in the Figure 3.7 with an assumption of
isotropic hardening. In this numerical model, we evaluate the properties of
ideal lattices where the influences of surface imperfection and the volume of
vertices are neglected. The initial yield strength of lattices in 4 different ori-
entations were shown in the Figure 3.15. The results shown that the 0◦ ori-
entation, where the macroscopic stress is only distributed through vertical
struts (strut A shown in Figure 3.11), provide the lowest yield strength. The
yield strength increases with an increase in the degree of orientation, due
to the fact that the strut B rises its contribution to the macroscopic strength.
In 30◦ orientation, the yield strength of the lattice reaches to its maximum
which is about 50% higher than the 0◦ orientation, and the applied stress is
equally distributed through strut A and B.
3.3.2 Strength measurement
The strength of 0◦ and 30◦ orientation lattices were experimentally investi-
gated, as they represented the lower and upper bound of strength for trian-
gular lattices. The specimen geometry for the measurement of the strength
of the lattice is shown in Figure 3.12. The lengths of the specimens were less
than those for the measurement of modulus, but were again guided by FE
analysis to ensure they were long enough to provide a valid measurement.
The material properties and strut dimensions were the same as described
in Section 3.2.2 and 3.2.4. Three specimens were tested for each orienta-
tion. The different orientations required slightly different geometries for
the specimens. FE analysis showed that a waisted specimen was required
for the 0◦ specimen seen in Figure 3.12(a) to reduce the stress concentration
at the point in the specimen where the machined lattice ends. FE analysis in-
dicated that only a small stress concentration existed at this point for the 30◦
specimen of Figure 3.12(b). Tensile load was applied on the specimen with
loading rate of 2mm/s, and the macroscopic strain was measured using the
Video gauge described in Section 3.2.5.
For tests on the 0◦ specimens, the vertical struts failed along a path at 30◦
to the horizontal axis as shown in Figure 3.13(a). For the 30◦ specimens, the
failure path is step-like, 3.13(c). The measured stress versus strain responses
of a representative 0◦ and 30◦ specimen are shown in Figure 3.14. The initial
yield strength was found using the 0.2% strain offset. The ultimate tensile
strength is taken as the maximum stress on the response curves. The two
specimens exhibit the same modulus, however both the yield strength and
ultimate tensile strength of the 30◦ specimen are approximately 1.5 times
higher than the 0◦ specimen, as shown in Table 3.1.
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(a)
(b)























Table 3.1: Experimentally measured strengths for 0◦ and 30◦ specimens
compared with analytical predictions
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(a) (b)
(c) (d)
Figure 3.13: Experimental and FE predicted failure loci: (a) experimental lo-
cus for 0◦ orientation, (b) FE locus for 0◦ orientation, (c) experimental locus
for 30◦ orientation and (d) FE locus for 30◦ orientation
3.3.3 Finite element simulation
Timoshenko beam elements (Abaqus element type B21) were used to predict
the tensile response of the lattice. This type of element contains a single
integration point to control the damage behaviour, which was found to be
more suitable for the simulation of progressive damage in lattices than the
Bernoulli beam element (B23). 10 elements were used for each strut, enough
to provide convergence of the results. The strut length and thickness in the
model were 10mm and 1.1mm respectively, based on the strut measurement
data from Section 3.2.4.
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The element removal technique was used to simulate damage progres-
sion in both 0◦ and 30◦ lattices. Failure initiates when the maximum axial
strain in the element reaches 0.03 which is based on the result of the tensile
test shown in Figure 3.7. The strut necking behaviour is replicated by the
reduction of the yield stress after failure initiates, which is characterised by
the damage variable B:
σ = (1− B)σy (3.7)
where B ranges from 0 to 1 and is a function of the plastic strain, fitted
to match the data of Figure 3.7. When B = 1, the material point has failed
and the corresponding element is deleted from the mesh.
To replicate the loading condition of the experiment, Each model was
subjected to a rigid displacement at top end while the bottom end was fixed.
The FE predicted failure paths are compared with the experimentally mea-
sured ones in Figure 3.13(b) and (d). Figure 3.14 compares the FE predicted
engineering stress versus strain behaviours for the two orientations with
the experimental results. In general, there is good agreement between the
FE and the experiments.
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Figure 3.14: Nominal stress versus nominal strain responses for representa-
tive 0◦ and 30◦ specimens.
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Figure 3.15: Orientation dependent normalised lattice yield strength
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3.4 Fracture performance
3.4.1 Fracture toughness
The fracture toughness of triangular lattice was evaluated using a bound-
ary layer analysis. A set of large circular models with prescribed boundary
displacement was created to explore the orientation dependency of the frac-
ture toughness in triangular lattices. Euler-Bernoulli beam elements were
used (Abaqus element type B23) in order to obtain accurate results with a
reduced number of elements. Models of radius 100l for four different lat-
tice orientations were created as shown in Figure 3.16. Displacements were
applied on the outer boundary in each model based on the KI asymptotic
displacement field[52].
Two sets of analyses were carried out for each model. The first analysis
was performed with brittle material properties: the struts behave in a linear
elastic manner until the material strength is reached at which point they fail
instantaneously. The second analysis was performed with ductile material
properties. For this analysis the failure was strain controlled: failure was
assumed to initiate when the mean value of strut axial strain across the sec-
tion reaches to the failure strain. In the linear elastic model, the material
modulus and failure strength were defined as 70 GPa and 140 MPa, while
for the ductile lattice model, the material was assumed to be elastic perfectly
plastic with modulus of 70 GPa, yield strength of 134 MPa and failure strain
of 0.03.
The FE evaluated fracture toughness for these two set of analysis are
shown in Figure 3.23. The results show that the fracture toughness is sig-
nificantly affected by the orientation, particularly for ductile lattices where
the 30◦ orientation has a fracture toughness 16% higher than the 0◦ orien-
tation and 40% higher than the 10◦ and 20◦ orientations. The normalised
toughness for brittle lattices ranged from 0.46 to 0.52 which is less sensitive
to the changes of orientation compared to the ductile lattices. The highest
toughness for brittle lattice was obtained from a 0◦ orientation which agrees
well with the result given in the literature[3, 5]. The toughness of 10◦ and
20◦ orientations were approximately 10% lower than the 0◦ orientation.
3.4.2 Lattice toughness size effect
This section demonstrates the size effect on the apparent toughness and
aims to explore the minimum specimen size to achieve the asymptotic tough-
ness value of a triangular lattice. The effect of specimen size on apparent
fracture toughness was investigated using FE analysis. A set of single edge
crack lattice models was created in various sizes, as shown in Table 3.2. In
all models the crack length,a, was a quarter of the model width, 0.25W.
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(a) 0◦ orientation (b) 10◦ orientation
(c) 20◦ orientation (d) 30◦ orientation
Figure 3.16: Boundary layer FE models for predictions of fracture tough-
ness: (a) 0◦ orientation, (b) 10◦ orientation, (c) 20◦ orientation and (d) 30◦
orientation
Two sets of analysis were conducted with the same material properties
as in Section 3.4.1. Uniaxial tensile load was applied to each model to eval-
uate the lattice stress, σ∗t at which the crack starts to grow. Each model was
subjected to a uniform tensile load on the top edge while the bottom edge
was constrained along the loading direction and free to contract laterally.
The lattice stress for crack growth σ∗t normalised by the material failure
stress, σf , is shown in Figure 3.17. The toughness based predictions are
calculated based on toughness evaluated from the boundary layer analysis.
Clearly the strength of larger specimens tends to be toughness controlled. It
was found that the toughness based prediction significantly overestimated
the strength of the small scale ductile lattices compared to that of brittle
lattices. This is due to relatively large plastic zones in smaller specimens,
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compared to the specimen sizes, and that the boundary layer analysis was
based on the small scale yield assumption. The results suggest that a very
large specimen (compared to the cell size) must be used in experimental











Table 3.2: Size of 0◦ orientation triangular lattice models with t = 1mm and























Figure 3.17: Normalised lattice stress for crack growth versus lattice size
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3.4.3 Edge crack fracture experiments
Edge crack fracture tests were carried out under displacement control to
measure apparent toughness, load-displacement behaviour and crack paths
for 0◦ and 30◦ lattices. The edge crack geometry was used to reduce the in-
fluence of T-stress [74]. The specimen dimensions were the same as shown
in Figure 3.5 in Section 3.2.4. Two specimens were tested for each orienta-
tion, one with an edge crack of length given by a = 3.5l and one given by
a = 5.5l. The edge cracks were cut into each specimen at the mid-section
using electrical discharge machining (EDM) with a wire thickness of 0.5 mm
to minimise the strut damage caused during the cutting process. The length
of the crack,a,was measured from the edge of the specimen to the centre of
the cell, as shown in Figure 3.18. Each specimen was subjected to a rigid
displacement(no ends rotation) with loading rate of 0.2 mm/min to ensure
a quasi-static deformation.
# Orient. a aW KIC, MPa
√
m
1 0◦ 3.5l 0.14 3.8
2 30◦ 3.5l 0.13 4.4
3 0◦ 5.6l 0.22 4.6
4 30◦ 5.6l 0.21 5.2
Table 3.3: Experimental measurement of fracture toughness for edge
cracked lattices
Figure 3.18: Edge crack of lattice specimen
76CHAPTER 3. MECHANICAL PROPERTIES OF 2D TRIANGULAR LATTICES
Two types of crack paths were observed in the tests as shown in Figure
3.21(a) and (c). In Figure 3.21(a), for 0◦ specimens, the crack grew at a 60◦
angle to the loading direction. All struts aligned in the loading direction
ruptured, while the angled struts bent plastically. This resulted in a signif-
icantly non-linear load versus displacement response seen in Figure 3.22.
In Figure 3.21(c), for 30◦ specimens, the crack propagated in the direction
normal to the loading direction horizontally.
Out-of-plane deformation of the specimen was observed as the crack ap-
proached the edge of the specimen, as shown in Figure 3.19. This effect can
be seen in the load versus displacement curve in Figure 3.22, where load
reduction in a 30◦ specimen significantly slows down after the first rapid
load drop. Finally, note that 30◦ specimens show higher fracture loads than
0◦ specimens. The fracture toughness,KIC, was calculated as:






where σapp is the peak stress applied to the specimen when the crack
starts to grow, a is the measured crack length and f (a/W) is a geometry
factor evaluated from previous work[49].
(a) (b)
Figure 3.19: Out-of-plane deformation for a 30◦ fracture specimen
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It was found that the measured toughness of 30◦ specimens is signif-
icantly higher than 0◦ specimens for both crack lengths, as shown in Ta-
ble 3.3. The normalised toughness is compared against the boundary layer
predictions in Figure 3.23. The measured results are significantly differ-
ent to the boundary layer predictions due to the effect of finite specimen
size. Higher toughness results, obtained in specimens with longer cracks,
are closer to the boundary layer predictions.
3.4.4 Crack growth simulation
Fracture propagation in the edge crack specimens was also simulated with
FE. The models used two-dimensional Timoshenko beam elements with the
element length of 1mm. In each model, the top end was subjected to a ver-
tical displacement, while the motion of the bottom end was fixed in all di-
rections to replicate the condition of experiment, as shown in Figure 3.20.
Crack propagation was carried out using the element deletion technique
described in the Section 3.3.3. The predicted crack paths, shown in Figure
3.21, are consistent with the experiment results shown in the same figure. It
was noticed that the failure occurred near to the joint, due to the significant
strut bending at the crack tip. A good agreement was also obtained between
the FE predicted load versus displacement curves and experimental results,
as demonstrated in Figure 3.22.
(a) (b)
Figure 3.20: FE models for the simulation of crack paths: (a) 0◦ orientation
(b) 30◦ orientation.
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(a) (b)
(c) (d)
Figure 3.21: Measured and predicted crack paths in edge cracked speci-
mens: (a) 0◦ measured crack path, (b) 0◦ FE predicted crack path, (c) 30◦
measured crack path and (d) 30◦ FE predicted crack path
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Figure 3.22: Experimentally measured and FE predicted load versus dis-
placement behaviour for fracture specimens: (a) response for a = 3.5l and
(b) response for a = 5.5l
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Figure 3.23: Orientation dependent normalised fracture toughness for brit-
tle and ductile failure
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3.5 Concluding remarks
The macroscopic mechanical properties of the two-dimensional triangular
lattice including elastic modulus, strength and fracture toughness have been
experimentally measured. It was found the experiment results for the mod-
ulus and strength agreed well with the numerical predictions, while the
measured fracture toughness was significantly lower than the predicted
value due to the size effect.
It has revealed that the strength and toughness of the lattice exhibited
strong orientation dependency, while the modulus was almost isotropic.
The measured strength of a 30◦ orientation lattice was 1.5 times that of a
0◦ lattices, and the normalised toughness can increase from under 1 to 1.4
with lattice orientation. The fracture behaviours such as crack paths and
load-displacement curves are also orientation dependent. The crack path of
a 0◦ lattice is at 60◦ to the loading direction, while for a 30◦ lattice the crack
path is horizontal.
The measured properties are plotted in the material property chats, as
shown in Figure 3.24 3.25 and 3.26. The 30◦ orientations exhibit better me-
chanical properties compared to that of 0◦. In general, the properties reached
by the Aluminum triangular lattices are comparable to those of polymers
and natural materials.
Figure 3.24: Material property chart for Young’s modulus
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Figure 3.25: Material property chart for strength
Figure 3.26: Material property chart for fracture toughness
Chapter 4
Modulus and strength of 3D
lattices
4.1 Introduction
This chapter explores mechanical properties of three-dimensional lattices.
The octet-truss lattice is used in this study due to its high strength to density
ratio and great potential in the advanced lightweight structure applications.
First the lattice configuration and its unit cell are described. The lattice
orientations are defined according to the loading directions. The next sec-
tion provides analytical derivations of the lattice strength in three different
orientations, where the lattice is assumed to be a pin-jointed frame.
Then a set of numerical analysis is performed using different sized lat-
tice models to illustrate the significance of model size on its macroscopic
properties. The same analysis is repeated for different lattice orientations to
investigate anisotropy.
Next, an experiment is conducted aiming to validate numerical predic-
tions. The specimens are made by a brittle photo-polymer resin, and fabri-
cated using an additive manufacturing technique. A brief description of the
fabrication process and background of the technique are provided.
Finally, the mechanical behaviours of the photo-polymer resin is exper-
imentally determined through a uniaxial tensile test. The details of the ex-
periment including the loading condition and measurement technique are
described. The measured results are presented and used to assess the accu-
racy of numerical predictions.
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4.2 Lattice configuration
The octet-truss lattice is a face-centred cubic structure with a nodal connec-
tivity of 12 which obeys the Maxwell’s criterion, and is a stretch-dominated
structure. It was first designed by Fuller in 1961[75] as a three-dimensional
space filling material due to its high weight efficiency. The unit cell of the
lattice includes a octahedron at the cell centre and 8 tetrahedron sub cells
distributed on each face, as shown in Figure 4.1. The coordinate system was
described using the Miller indices and the relative density was evaluated




where r and l are the strut radius and length. Dong et al.[34] performed
an experimental study to explore mechanical properties of an octet-truss lat-
tice made from Titanium alloy. A series of compression tests was conducted
using specimens fabricated by snap-fit method. The work reveals that the
compressive modulus and strength achieved by the lattices are significantly
higher than that of other cellular materials, suggesting the lattice could be a
promising candidate for weight efficient space filling materials.
Figure 4.1: The octet-truss lattice for FCC configuration
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This work explores the properties of the lattice in different lattice orienta-
tions in comparison to Dong et al.’s work. In such orientation, the lattice can
be treated as stacking up of two-dimensional triangular lattices and rigid
tetrahedral truss layers along Z direction, as shown in Figure 4.2. Hence the
properties within the X − Y plane are associated to the properties of two-
dimensional triangular lattices explored in the Chapter 3. The property in
the Z direction is determined by the behaviour of the tetrahedral structures.
The unit cell configuration for this lattice orientation is shown in the Figure
4.2, where the cell width, n, and cell hight, k, are related to the cell size, l.
Three types of lattice orientation have been considered which are re-
ferred to as orientation-x, orientation-y and orientation-z. In Figure 4.3, the
X, Y , Z axes represent the global coordinates of the model, while the x, y, z-
axes represent the local coordinates of the lattice unit cell. For orientation-x,
the x-axis in the local coordinate system is in parallel to the loading direc-
tion, corresponding to the Y-axis in the global coordinate. The same prin-
ciple applies to orientation-y and orientation-z, where the unit cell was ro-
tated 90◦ about z-axis and y-axis respectively.
Figure 4.2: The octet-truss lattice for tetrahedral configuration




Figure 4.3: Definition of lattice orientations (a) orientation-x (b) orientation-
y (c) orientation-z
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4.3 Lattice strength
4.3.1 Analytical calculations
In the analytical model, each joint is treated as a frictionless hinge. The
macroscopic load is predominantly balanced by tensile and compressive ax-
ial stresses within the struts. Previous work [76, 77, 78] has investigated the
influence of the end conditions of the struts on the elastic modulus of the
lattice. For some geometries, rigid end conditions lead to a higher lattice
modulus, but for other geometries, including the octet-truss geometry stud-
ied in our work, the end conditions have little effect. Figure 4.4 shows that
a change in structural orientation results in a different stress distribution
within the structure, which leads to a dependence of lattice strength on ori-
entation.
In the orientation-x structure the strength is mainly due to the triangular
structures within the x − y plane, as shown in Figure 4.4(a). The angled
struts are under tension and the horizontal struts are in compression, while
the struts between the triangular structures only have small contribution to
strength. When the structure is sufficiently large compared to the cell size,
then the structure contained in every unit space becomes identical to that
shown in Figure 4.4(a). For this orientation the remote applied stress σ∞ can




l = 2σsπr2cos(π/6) (4.2)
The strength of the orientation-x lattice, σXt , can be obtained by substi-
tuting Eqn. (4.1) into Eqn. (4.2) and replacing the axial stress, σs, with the
material failure stress, σf :
σxt ≈ 0.25ρσf (4.3)
In the orientation-y structure the stress is distributed though struts which
are parallel to the loading direction, as shown in Figure 4.4(b). Compared
to the orientation-x and the orientation-z structures, it had the least number
of struts contributing to the strength, and the relationship between σ∞ and





Thus the strength of the orientation-y structure, σyt , can be related to the
relative density and the failure stress as:
σ
y
t ≈ 0.17ρσf (4.5)




Figure 4.4: Schematic of the unit cell stress states under tension along co-
ordinate axes. Red, blue and grey colours indicate the struts which are in
tension, compression and bending respectively
4.3. LATTICE STRENGTH 89
The orientation-z was found to be the only orientation where all compo-
nents within the structure contributed to the strength. The triangular struc-
tures within the x − y plane are under compression whereas the struts be-
tween the X − Y planes are under tension. Thus, the remote applied stress,





Therefore, the strength of the orientation-z lattice, σzt , can be obtained as
follows:
σzt ≈ 0.34ρσf (4.7)
4.3.2 FE analysis
FE analysis has been performed using the Abaqus FE system [79] to evaluate
the modulus and strength of the lattice. Three sets of cuboid structures were
created in orientation-x, orientation-y and orientation-z. For each orienta-
tion the models were made with various cross sectional areas. The model
width, W, ranged between approximately 3l to 17l, while the height, H, was
kept at 20l for all models, as shown in Figure 4.5.
A point load was applied to each node at the top surface in the vertical
direction, while vertical motion of the nodes at the bottom surface were con-
strained vertically, but allowing displacement in the lateral direction. The
strut behaviour was modelled using 10 Timoshenko beam elements for each
strut (Abaqus element type B31) with linear interpolation functions. This
mesh refinement was sufficient to ensure mesh independence. The strut
dimensions and material properties are listed in Table 4.1.
strut strut modulus, E Poisson’s failure
length, l radius, r ratio, ν stress, σf
10 mm 0.5 mm 70 GPa 0.33 140 MPa
Table 4.1: Strut dimensions and material properties.
The evaluated elastic modulus of the lattice was normalised by the rela-
tive density, ρ, and the material modulus, Es, as shown in Figure 4.6. A sig-
nificant size effect was observed for the modulus of the orientation-x and
orientation-y models, where the modulus reduces asymptotically with in-
creasing model width, W/l. This is because in orientation-x and orientation-
y models, the load was predominantly carried by the layers of triangular
structures, as shown in Figure 4.2. The applied load was proportional to
the number of layers of the triangular lattice,N, while the surface area was
was proportional to, N − 1. Hence, the tensile stress applied to a structure
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Figure 4.5: Rectangular FE lattice models for each of the three orientations.
with a small value of N, is higher than that to a large structure in order to
achieve a same amount of extension. The modulus of the orientation-x and







The above expression was derived based on calculating the effective
modulus of layers of equally spaced triangular lattices, which agreed well
with the FE results. Hence, the asymptotic values shown in Figure 4.6 for
the orientation-x and orientation-y models can be predicted from the Eqn.
4.8 by taking W/l to be large. The modulus of the orientation-z model was
found to be independent of model size and was about 15% higher than that
of the orientation-x and orientation-y models, as shown in Table 4.2. Fur-
thermore, the Poisson’s ratios of the lattice have also evaluated. These are
found to be independent of the model size and are given by vxy = 0.33,
vxz = 0.25 and vyz = 0.15.
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Figure 4.7 shows the normalised strength for the three lattice orienta-
tions. The strength of the orientation-x and orientation-y reduce with model
width, W/l, due to the size effect described previously. The strength of the
orientation-z was almost size-independent. A reduced strength was evalu-
ated from model with a small W/l due to the edge effect; the cells at the free
edge exhibited bending deformation, leading to a higher axial stress in the
strut. However, this effect was only observed for model with W/l < 10.
It was also found the analytical predictions, derived for infinite lattices,
agree well with the numerical predictions for model with, W/l > 14. The
asymptotic value of strength for each orientation are shown in Table 4.2,
where the strength of orientation-z is about 35% higher than that of orientation-
x and double that of orientation-y structure.
mech. prop orientation-x orientation-y orientation-z
E∗/(ρEs) 0.17 0.17 0.20
σt/(ρσf ) 0.25 0.17 0.34
Table 4.2: Mechanical properties of the lattice in three orientations.


















Figure 4.6: The normalised modulus versus normalised model size for the
three orientations. The horizontal line indicates the asymptotic value of the
orientation-x and -y curves.
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Figure 4.7: The normalised FE predicted strength of lattice versus nor-
malised model size. The horizontal lines are the analytical results.
4.4 Experiment
4.4.1 Specimen preparation
The aim of the experiment is to characterise the strength and modulus of
the lattices in different orientations and validate the numerical predictions.
According to the previous analysis, a very large specimen is required to
achieve the size-independent material properties given in Table 4.2 , which
is difficult to achieve in practice. Hence, an experiment was conducted us-
ing finite-sized specimens which was designed as a cube with width W/l ≈
5, as shown in Figure 4.8. The strut radius and length were equal to 1mm
and 10mm, sufficiently large to be accurately fabricated. The specimens
were made from photo-polymer resin, and manufactured using stereolithog-
raphy(SL), which is an additive manufacturing technique first introduced in
1984 for rapid prototyping[80]. This technique is worked by focusing an ul-
traviolet (UV) laser onto a layer of liquid mono-polymer resin, which is then
selectively solidified through photo-polymerization[81] to build a layer of
geometry. Scan speed, hatching spacing, layer thickness, and diameter of
laser beam are key processing parameters to determine the sample quality.
A detailed explanation of the influence of these parameters has been pre-
sented by Lee et al.[82]. Among these parameters, the layer thickness has a
particular significance in the surface roughness. A small layer thickness re-
sults in a better surface quality, but will significantly extend the build time.
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Figure 4.8: Lattice sample designed for compression test.
An SLA660 rapid prototyping machine was used in this study equipped
with a chamber size of 600mm x 600mm x 300mm. The laser scanning speed
and power were chosen to be 6000 mm/s and 0.8 Watt. The diameter of spot
size and layer thickness were chosen to be 0.1mm and 0.075mm to achieve a
good surface condition. The strut length, l, and diameter, d, of the manufac-
tured specimens were measured using a vernier caliper. 10 measurements
were taken from randomly selected struts for each specimen. A good sur-
face quality and dimensional accuracy was found such that the measured l
and t were almost identical to the targeted parameters, as shown in Table
4.3.
Figure 4.9 shows the stress-strain curve of the photo-polymer resin used
in this study, which was measured from a 3D printed standard dog-bone
specimen with a gauge length of 12.5mm. The modulus, yield strength and
ultimate tensile strength(UTS) of the resin were therefore determined, as
shown in Table 4.3. It was found the resin ruptures in a relatively brittle
manner with the failure strain of 5%.
strut strut relative Modulus Tensile Failure
length, l diameter, d density, ρ E, MPa strength, MPa strain
10 mm 2.1 mm 0.29 3000 58 0.05
Table 4.3: Strut dimensions and material properties.
94 CHAPTER 4. MODULUS AND STRENGTH OF 3D LATTICES


























Figure 4.9: Stress-strain behaviour of the photo-polymer resin.
4.4.2 Compression test
A compression test was carried out in this study, as it is straightforward
to apply a compressive load on the specimen. Despite the analytical pre-
dictions given in the section 4.3.1 were derived under a tensile load, the
obtained results are also applicable for predicting the compressive strength
considering the stress states illustrated in Figure 4.4.
The specimens were loaded in three different orientations: orientation-
x,orientation-y and orientation-z structures, as shown in Figure 4.10. Three
specimens were tested for each orientation. All tests were performed using
an Instron 50kN tensile/compression test machine, with a loading rate of
2mm/min to ensure a static deformation. A smooth plate was installed at
the grip to minimise friction force at the contact surfaces which allowed the
specimens to be free to expand in the laterally direction.
The grip was connected to a self-aligning loading block with a spherical
bearing and the specimens were carefully located at the center of the plate
to ensure the displacement was uniformly applied to the specimen without
any possible influences from eccentricity. The lattice deformation was char-
acterised using a video gauge system, which was used to track the displace-
ments of pre-defined points on the specimens, as shown in Figure 4.10. The
background of this technique has been described in Chapter 3. The mea-






Figure 4.10: Compressive test for different lattice orientations (a)
orientation-x (b) orientation-y (c) orientation-z
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4.5 Results and discussion
4.5.1 Compressive response
Figure 4.11, 4.12 and 4.13 show the measured stress-strain curves for each
lattice orientation. A high repeatability is observed between these measure-
ments. The nominal stress was calculated as dividing the applied load by
the original cross sectional area, while the nominal strain was obtained by
the ratio of the measured compressive displacement and the undeformed
gauge length. Figure 4.14 compares the measured results between three lat-
tice orientations. After the peak load was reached, the failure of orientation-
x and orientation-z specimens were catastrophic due to the brittleness of the
material. Hence, there was no failure mechanism and failure path observed
from the tests.
Figure 4.14 compares the stress-strain curves measured from the three
orientations. For the orientation-x specimens, the stress-strain increases lin-
early followed by a non-linear region corresponding to the strut yielding
at the contact surface between the specimen and the metal plate shown in
Figure 4.14. The stress continues to increase until fracture occur at the ten-
sile loaded struts. In contrast to the orientation-x, there is no fracture ob-
served in the orientation-y specimens. The peak stress was reached when
the vertical struts started to yield. Continued loading eventually caused
strut buckling, leading to a structure densification and strain hardening. For
the orientation-z specimens, the stress-strain responses are almost linear be-
fore reaching to its peak stress.
4.5.2 Comparison of predictions with measurements
The Table 4.4 compared between the numerical predictions and the mean
values of measured modulus and strength obtained from Figure 4.11, 4.12
and 4.13. A reasonable agreement was achieved. The highest strength
is measured from the orientation-z specimen, which is double that of the
orientation-y and 40% higher than the orientation-x specimens. The mea-
sured Poisson’s ratios are given by vxy = 0.37 and vxz = 0.25 which are
almost consistent with the numerical predictions given in the section 4.3.2.
mech. prop orientation-x orientation-y orientation-z
Eexp/(ρEs) 0.24 0.25 0.22
EFE/(ρEs) 0.22 0.22 0.20
σexp/(ρσf ) 0.28 0.23 0.35
σFE/(ρσf ) 0.30 0.22 0.33
Table 4.4: Comparison of measured properties with numerical prediction
for lattice with W/l = 5.
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Figure 4.11: Measured stress-strain curves for orientation-x specimens.


























Figure 4.12: Measured stress-strain curves for orientation-y specimens.
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Figure 4.13: Measured stress-strain curves for orientation-z specimens.
Figure 4.14: Comparison of stress-strain curves for three orientations.
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Two factors are likely to contribute to the discrepancy between the mea-
sured results and the numerical predictions. First the specimen properties
could be varied for different struts due to the different build directions in
the fabrication process. The local struts are aligned in multiple directions in
the specimens leading to the different yield strength possessed by each strut.
However, it is beyond the scope of this dissertation to assess the significance
of the build direction on mechanical properties of the lattices. Detailed in-
terpretation of the build direction effect can be found in the work presented
by Taufik and Jain[83] where the physics of the phenomenon has been de-
scribed. Then the non-linear stress-strain response exhibited by the resin is
also detrimental to accuracy of the numerical predictions. The yielding pro-
cess before rupture is not taken into account in the numerical models which
is likely to be the cause of the higher strength measured from the experiment
compared to the FE results.
4.5.3 Compressive strength
When a compressive load applied to the lattice, a low density specimen
could collapse by the buckling of the out-of-plane struts, while the failure
of a high density specimen was caused by the inelastic buckling or plastic
yielding of the struts [34]. In this study, the specimens are made with rela-
tively thick struts(high relative density) and buckling was only observed in
the orientation-y specimens during the experiment. To examine if the buck-
ling occurred prior to strut yielding, an analytical prediction of the buckling








The left term in the above expression is the load carried by each unit cell.
The right term is the Euler’s critical load[84] where the second moment of
area I = πr4/4. Since the lattice was assumed to be pin-jointed in the ana-
lytical model, the effective length factor Ke was chosen to be 1. The buckling










The compressive strength, σc, can be calculated by substituting material
parameters given in the Table 4.3 into the Eqn.4.5. The calculated buck-
ling stress and compressive strength were found to be 3.2 MPa and 2.8 MPa
respectively. Therefore the predicted buckling stress, σb, was about 15%
higher than the compressive strength, σc, indicating the lattice yielding was
occurred prior to strut buckling.
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4.6 Concluding remarks
This chapter describes the mechanical properties of the octet-truss lattices. It
started with an analytical and numerical approach to investigate the strength,
modulus and Poisson’s ratio, followed by a demonstration of the influence
of lattice orientation and size on its mechanical properties.
It was found that the lattice strength was orientation dependent, while
the modulus was relatively isotropic. The orientation-z model exhibits the
highest strength which is about 40% higher than that of orientation-x and
double that of the orientation-y model. The model size had a particular sig-
nificance for the properties of orientation-x and orientation-y models. Their
strength and modulus reduced by 15% and 20%, when model size, W/l, in-
creased from 4 to 16. The properties of the orientation-z model were almost
size-independent.
An experimental study was carried out using a set of additive manufac-
tured lattice specimens. A good agreement was found between the mea-
sured results and numerical predictions. Hence the validity of the numer-
ical predictions were assured. The failure of orientation-x and orientation-
z specimens were catastrophic, while the orientation-y specimen exhibited
significant buckling after plastic yielding. Figure 4.15 shows the material
property charts for modulus and yield strength, where the measured results
are compared with other categories of materials. It shows that the modulus
and strength of the polymer octet-truss lattices are significantly lower than
the results measured from the Aluminium triangular lattices described in
the Chapter 3, but are comparable to the properties of foams and natural
materials at the density of 300 kg/m3.
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(a)
(b)
Figure 4.15: Material property chart for Young’s modulus and yield strength
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Chapter 5
Fracture behaviours of 3D lattices
5.1 Introduction
This chapter presents a comprehensive study of fracture behaviours of the
octet-truss lattice. First a series of experiments is performed to measure
the fracture toughness and load-displacement responses of the lattices. The
specimen geometry is defined based on ASTM E399 and fabricated using
an additive manufacturing technique. Detailed manufacturing processes
are provided including a description of heat treatment and artificial aging.
Next X-ray computed tomography(XCT) is conducted to assess the qual-
ity of the specimens in terms of the dimensional accuracy and porosity con-
tained in the struts. The stress-stain curve of the material is then determined
from a tensile test.
The experiment method such as the loading pattern, test configurations
and measurement techniques are described. The experiment results are
presented next and compared with numerical predictions. The fracture re-
sistance is calculated during crack extension using a standard method de-
scribed in the ASTM E399. Then a set of numerical analyses is performed
to investigate the effect of specimen size on the toughness and assess the
validity of the measured toughness.
Then, the influence of specimen geometry on toughness is investigated.
The toughness is evaluated from various model geometries including com-
pact tension(CT), single edge notch tension(SENT), single edge notch bend-
ing(SENB) and thumbnail crack models. The significance of the crack tip
constraint has been explored using a boundary layer analysis(BLA). Finally,
a series of simulations of crack growth has been performed to predict crack
paths and post-fracture responses for different lattice orientations and model
geometries.
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5.2 Experiment
5.2.1 Specimen design
The aim of the experiment is to characterise fracture behaviours of the lat-
tice. Compact tension (CT) fracture specimens were chosen for this study, as
the geometry allows a relatively stable crack growth which enables fracture
behaviours to be monitored during crack extension [85].
Specimens were created for orientation-y and orientation-z lattices shown
in Figure 5.1 where the Miller indices are given based on the coordinate
system defined in Chapter 4. Two types of specimens were designed with
almost identical dimensions to eliminate the influence from the specimen
size. The CT specimen geometry followed the ASTM E399 which requires
knife edges on the crack mouth rather than the load line compared to the
geometry given by ASTM E1820 [54]. The nominal strut length, l, and di-
ameter, d, were equal to 5 mm, and 0.5 mm. The strut radius was designed
to be large enough to ensure the manufacturability for the lattice fabrication
technique, while the strut length was chosen to achieve a reasonable aspect
ratio such that each strut behaviour can be adequately simulated as a beam.
The specimen dimensions shown in Figure 5.2 were chosen to achieve
a reasonably high ratio of W to l in order to reach an asymptotic value of
toughness [86]. Two solid rings were built around the pin holes to strengthen
the local structure. Two thin plates with knife edges were bonded to the
front face of each specimen to allow measurement of crack mouth opening
displacement(CMOD).




Figure 5.2: Designed specimens geometry with aW = 0.38: (a)(b) are side and
front view of an orientation-y specimen;(c)(d) are that for an orientation-z
specimen.
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5.2.2 Selective laser melting technique
Selective laser melting (SLM) technique is a layer manufacturing process
which developed in late 1980s for rapid prototyping[87], so that complex
geometries can be directly manufactured from computer designed models.
The pre-work involves creating of a CAD model and storing the geometry
data into a STereoLithography (STL) file, which is then processed to provide
slice data for the manufacturing process.
The SLM process worked by selectively melting metal powder using a
high energy laser beam. The melted metal is then solidified after it cools
down to form a layer of solid geometry. When a layer of scan is completed,
the working platform moves down to start creating another layer of solid.
This process is repeated until the whole part is completely built. After the
scanning process is finished, the residual powder is discarded.
The key parameters of the SLM process include scan power, scan speed,
hatch space and layer thickness. The fabrication process involves heating
and melting, hence the heat input during the scanning is critical as it deter-
mines the degree of consolidation of the powders. Insufficient heat input,
caused by low laser power, high scan speed, and high layer thickness results
in incomplete wetting of particles and leads to the balling phenomenon[88,
89]. The balling phenomenon involves formation of spheroidal beads dur-
ing solidification, which causes detrimental effect on sample qualities such
as poor surface roughness and high porosity. The complex physics of the
balling phenomenon is provided in [90]. However when powders are over-
heated resulting from the high laser power and slow scanning speed, the
keyhole effect occurs due to the extensive material evaporation[91]. More-
over, a poor hatch space often causes porosity due to incomplete fusion of
powders between two melt lines. Hence a good combination of the key
parameters is the essential to determine the quality of built part.
Recently there has been much interest in applying the SLM technique
for the fabrication of three-dimensional lattices. The influence of process-
ing parameters on dimensional accuracy of strut was investigated by by
Qiu et.al.[66] using AlSi10Mg metal powder. The study carried out by com-
paring struts dimension and porosity within struts fabricated at different
scanning speed and power levels. It was found that the strut thickness lin-
early increased with laser power, provided the scanning speed remained
constant at 7000mm/s. Also the strut fabricated at laser power higher than
150W results in a greater strut thickness compared to the target thickness of
0.3 mm.
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The porosity within struts was found to be low at both low(150W) and
high(400W) laser power, while a high porosity was observed in sample
when a intermediate power level(200W-300W) was used. When the laser
power was constant, the strut thickness was found to reduce with increas-
ing scanning speed. The study also suggested that an intermediate scanning
speed (3000mm/s - 5000mm/s) causes a high porosity level and should be
avoided.
In this study, specimens as shown in Figure.5.3 is fabricated at the Uni-
versity of Birmingham using a SLM solution Gmbh SLM500HL L-PBF ma-
chine equipped with 2 sets of 1000W laser, 2 sets of 400W laser and 2 sets
of scanning lens systems. The 400W laser was chosen for the lattice man-
ufacturing to ensure a better geometry accuracy due to its small spot size
of about 90µm in diameter. The hatch space and layer thickness are chosen
to be 100µm and 30µm. A205 aluminium alloy metal powder was used for
specimen production[92]. The metal powder was produced by EIGA (Elec-
trode induction melting gas atomiser) by the TLS Company with particle
sizes ranging from 15µm to 53µm.
Specimens were produced at a constant laser scanning speed of 1650
mm/s with laser power of 350W. 150◦C preheating was used to reduce
residual stress during manufacturing and achieve good density[93]. The
substrate and build chamber were preheated to 150◦C for 3 hours and main-
tained at the same temperature during the building process to reduce resid-
ual stress developed in the specimens. The oxygen level was controlled up
to lower than 0.17% by flooding Argon gas into the chamber so as to avoid
formation of oxides.
After manufacture, specimens were manually removed from the sub-
strate plate and subjected to T6 heat treatment. Specimens were solution
treated at 521◦C for 17 hours followed by water quenching. This process
aimed to homogenise the micro-structure and chemical composition, espe-
cially for copper and magnesium elements. Aging treatment was then con-
ducted for 22 hours at 170◦C to allow precipitation of incoherent θ- phase
and coherent Ω-phase which are the most effective strengthening phases in
Al-Cu-Mg-Ag alloy [94, 95].
Finally, a pre-crack was introduced into each specimen using wire Elec-
trical Discharge Machining (EDM). The EDM technique was found to be
able to produce a smooth and clean cut into the specimens without dam-
age or deformation of struts in the vicinity of the cutting path. A wire of a
diameter of 0.1mm was chosen to enable accurate crack location.
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Figure 5.3: Specimen manufactured by SLM technique
5.2.3 X-ray computed tomography
The X-ray computed tomography technique enables characterisation of ma-
terial internal features by evaluating intensity attenuation of X-ray which
are directing on to the specimen from multiple angles. The attenuation is
characterised by the Beer’s Law[96]
I = I0e−µx (5.1)
where I and I0 are the initial and final intensity of X-ray. µ is the linear
attenuation coefficient of the material. x is the length of X-ray path. The
measured linear attenuation coefficients of the sample from different direc-
tions are then used to reconstruct three-dimensional volume through a set of
reconstruction algorithms described by Hsieh[97]. The elements of the tech-
nique consists of an X-ray source and a series of detectors to characterise the
X-ray intensity.
The aim of X-ray computed tomography conducted in this study is to as-
sess specimen qualities including dimensional accuracy and porosity. The
size of the specimen was found to be too large to allow images to be con-
structed with a reasonable resolution. Therefore, a scan was performed on
a small lattice cube with an edge of length 26.5 mm, as shown in Figure
5.4(a), designed with identical strut dimensions and manufactured in the
same chamber as the CT specimens.
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The X-ray computed tomography was performed using a Zeiss X-Radia
520 Versa scanner. Both low and high magnification scans were performed
to measure the strut length, l, and diameter, d, shown in Figure 5.4 and
evaluate the porosity shown in Figure 5.5. The resolution of the low magni-
fication scan was 25.22 µm/pixel, while the corresponding one for the high
magnification scan was 3.57 µm/pixel.
The strut dimensions were selectively measured on a proportion of the
two-dimensional images (Orthoslices) used to stack the three-dimensional
volume of the probed material (the low magnification scan). Image pro-
cessing software Avizo[98] was used for processing. A significant surface
roughness was noticed on the upper surface of the strut shown in Figure
5.5, caused by the non-melted particles loosely attached to the strut. Hence
the orthoslices image of X − Z plane was used for characterising strut di-
mensions to minimise the influence of surface condition. Twenty different
locations were investigated per 2D image to extract the mean values for the
strut length and diameter.
It was found that good accuracy was achieved by the lattice manufac-
turing process for the strut length, l, however the measured strut diameter
d ranged from 0.79 mm to 0.82 mm, significantly higher than the original
design, as shown in Table 5.1. This is the most likely caused by the slow
scanning speed chosen for the manufacturing process. Pores were observed
from the result of high magnification scan, which were almost evenly dis-
tributed though-out the strut. The porosity was evaluated by isolating the
pore areas within the matrix, shown in Figure 5.5(b). The volume of the
pore area and the scanned matrix were both evaluated to calculate a sample
porosity which was equal to 2.2%.
(a) (b)
Figure 5.4: Result of X-ray computed tomography with low magnifica-
tion:(a) volume of the entire sample probed; (b) typical 2D orthoslice image
(X-Z plane) of the sample across its height (Y-axis).
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(a) (b)
Figure 5.5: 3D volume of the sample being probed using high magnifica-
tion:(a) entire probed volume illustrating the exterior surface (pores and ma-
trix shown in yellow and red colour respectively; (b) pore network within
the scanned area.
diameter,d Strut length,l Relative density, ρ Porosity
Nominal 0.5mm 5mm 0.067 2.2%Measured 0.79-0.82mm 5mm 0.17
Table 5.1: Measured strut dimensions and porosity
5.2.4 Tensile test
A solid round bar specimen was chosen for the tensile test to determine
the material stress-strain response. Measuring the response of a single strut
cut from the specimen was discounted because the surface roughness of the
strut would result in significant uncertainty of the cross-sectional area. The
round bar was fabricated using the same process parameters as the lattice
specimens and was built vertically along the longitudinal direction. The
sample was then machined into a standard dog-bone geometry with gauge
length of 25 mm and diameter of 6 mm. The strain was measured by 25 mm
Instron extensometer[99] and the applied load was acquired from a 50 kN
load cell.
The measured stress-strain curve is shown in Figure 5.6, where the mod-
ulus and ultimate tensile strength were measured to be 63 GPa and 320 MPa.
It was found that the modulus was lower than that would be expected for
an aluminium alloy, likely to be caused by porosity within the specimen.
Various models were developed to characterise the influence of pore shape
and distribution on modulus [100, 101]. Wang[100] expressed the relation
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between the porosity and modulus of aluminium alloy as:
E = E0e−(bp+cp
2) (5.2)
where b and c are the material constants. The E0 is the modulus for
material with zero porosity, and the p is the porosity. The study suggests
that an approximately 10% reduction in modulus is possibly to be achieved
by 2% of isolated closed pores.






















Figure 5.6: stress-strain curve of parent material measured from round bar
tensile test
5.2.5 Fracture test
Fracture tests were carried out using the apparatus illustrated in Figure 5.7.
The clevises was assembled with 6 mm Aluminium (Al6082) plates, strong
enough to carry the fracture load required for lattice specimens and pro-
vided flexibility to accommodate specimens made with various thickness.
A periodic loading pattern was used so that the specimen compliance could
be measured as the crack extended. In each cycle, loading was applied so
that the crack mouth opening displacement (CMOD) increased by 0.5 mm
followed by unloading to reduce the CMOD by 0.25 mm. This pattern of
loading allowed small increments of displacement applied to the specimen,
aiming to capture as many as possible analysis points on the Load-CMOD
curve. The rate of loading and unloading were set to 0.2 mm/min, to main-
tain a static deformation rate[102]. An Instron 2670-132 extensometer[103]
with gauge length 10 mm was used to measure crack mouth opening dis-
placement (CMOD) which was installed at the specimen knife edges with
care to centre the gauge preventing eccentricity. The crack extension was
tracked by an iMETRUM video gauge system [72], described in Chapter 3.
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Figure 5.7: Experiment set up
5.3 Results and discussion
Fracture tests were conducted for two orientation-y specimens and three
orientation-z specimens. The load-displacement responses are shown in
Figure 5.8 and 5.9. There is reasonably good repeatability, particularly for
the peak load. Figure 5.10 compares load-displacement curves for different
orientations: orientation-y (specimen 2) and orientation-z (specimen 3). An
increase in critical load can be observed for both orientations with crack ex-
tension. The point a in Figure 5.10 indicates the initial critical load where
failure was observed at struts ahead of the initial crack tip, while point b
indicates the peak load. Struts A and B in Figure 5.11 shows the location of
failed struts corresponding to points a and point b in Figure 5.10. For the
orientation-y specimen, the angled strut at location A failed first without a
noticeable drop in load. A significant drop in load was observed when verti-
cal struts at location B failed. A similar behaviour occurred for orientation-
z specimens. Despite the significant surface roughness observed from the
images of X-ray computed tomography which could result in variation of
strength along the strut, the failure location of each strut was found to be
almost consistent. Most failures occurred at the location near to the joint
caused by the influence of strut bending and local stress concentration, as
shown in Figure 5.15 and 5.16.
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Figure 5.8: Load-displacement response of orientation-y specimen


















Figure 5.9: Load-displacement response of orientation-z specimen
114 CHAPTER 5. FRACTURE BEHAVIOURS OF 3D LATTICES























Figure 5.10: Load-displacement response of lattice specimens for two ori-
entations: the results are compared between specimen 2 from orientation-y
and specimen 3 from orientation-z
(a) (b)
Figure 5.11: Details of crack growth (a)orientation-y and (b)orientation-z
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Repeatable crack paths were observed for each specimen, as shown in
Figure 5.12. The crack of orientation-y specimens deviated after initiation
and the entire crack plane was rotated by 30◦ about the Z-axis. The crack
path for orientation-z specimens was almost horizontal.
The compliance of each specimen was calculated using the slope of each
unloading during crack extension (the dashed lines shown in Figure 5.8 and
5.9). The effective crack length, a/W, can be calculated from the compliance
using the ASTM E399:
a
W









where Vm is the crack mouth opening displacement, P the applied force,
B is the specimen thickness and E is the equivalent Young’s modulus of the
lattice which was calculated based on the measured relative density, ρ, using
the expression given in [30]. The effective crack length matched adequately
with visual observations for orientation-z specimens. For the orientation-y
specimens, the observed crack length was found to be significantly longer
than the effective crack length. When the crack significantly deviated from
the horizontal plane, the compliance method was inappropriate for the pre-
diction of the crack length due to the assumption made in the ASTM stan-
dard. Figure 5.13 shows fracture resistance, KR, with increasing normalised
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where Pm is the maximum applied load in each load cycle. The fracture
resistance for crack onset was found to be similar for the two orientations of
specimen. An increase in KR with crack growth was also observed for both
orientations, as shown in Figure 5.13.
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(a)
(b)
Figure 5.12: Crack path observed for (a) orientation-y and (b) orientation-z
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Figure 5.13: Fracture resistance,KR, of lattices with (a)orientation-y and
(b)orientation-z
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5.3.1 FE evaluation
FE analysis was performed using Abaqus 6.14 to predict fracture proper-
ties of the lattice. Each strut was modelled using 5 Euler-Bernoulli beam
elements (Abaqus element type B33), which was found to be sufficient to
achieve a converged solution. Models created for both orientation-y and
orientation-z specimens contained approximately 270, 000 nodes and 150,












The Young’s modulus E = 63 GPa. The yield strength, σy, and hardening
coefficient, n, are chosen to be 245 MPa and 20 to approximate the stress-
strain curve measured from the tensile test shown in the Figure 5.6. The
cell dimensions were defined based on the results of the X-ray computed
tomography presented in Section 5.2.3. The significance of build orientation
on the mechanical properties have been investigated previously [67]. How-
ever, strut properties assumed to be identical in this study for the ease of
modelling. The motion of nodes around each pin hole was firstly coupled
to a controlling point defined at the hole center. A fixed displacement was
then applied at the controlling point to replicate the experiment arrange-
ment.
The failure condition used in this study depends on the magnitude of
axial stress: the element is considered to have failed when the maximum
axial stress across the element section reaches the tensile strength measured
in the tensile test described in Section 3.4. This failure condition was chosen
due to the relatively brittle behaviour exhibited by the aluminium alloy. The
critical load on the model was evaluated when the failure condition was
met at the most heavily loaded strut. It was found the strut at the crack tip
was subjected to both tensile and bending stresses. A significant bending
stress was found in the orientation-z models due to the large angle between
the strut and the loading directions, which causes the lower critical load
compared to that of the orientation-y model. The FE predicted critical load
is plotted in Figure 5.10 and compared to the experimental measurements
with good agreement.
The failed elements were then removed from the model, and the same
boundary conditions applied to predict the locations of the next failed el-
ements and the corresponding critical loads. In this way, the crack paths
for orientation-y and orientation-z specimens were predicted, as shown in
Figure 5.14. There is close agreement with the experiment results shown in
Figure 5.12.
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Figure 5.15 and 5.16 compare the FE predicted crack path with the ex-
perimental observation. The labels in Figure 5.14(a) and (b) indicate the
first and second location of element failure in the models. The critical loads
were found to increase by 3% after struts failed at the first location for the
orientation-y model and 7% for orientation-z model. This was similar to the
experiment observations shown in Figure 5.10. In the orientation-y model,
the angled struts failed first and the peak load was not reached until the ver-
tical struts at the second location reached their maximum loading capacity.
Hence, the peak load is controlled mainly by the strength of vertical struts
ahead of the crack front.
For the orientation-z model, there are no struts parallel to the loading di-
rection. However, it was found that the maximum axial stress in the model
reduces as failed elements are removed in front of the initial crack front.
This indicates that a stronger tip configuration is formed after crack initia-
tion and thus a higher load is required to re-initiate the crack.
The stress intensity at initiation, KI , was calculated by substituting the
predicted initial critical load into Eqn.5.5, and the results were shown in







FE prediction 0.34 0.32




, at crack initiation between experimental measurements and FE
predictions
A set of FE analyses were performed on 5 different sized models with
W ranging from 8.5l to 42l, as shown in Figure 5.17, to demonstrate the ef-
fect of specimen size on the stress intensity at failure. The critical load and
KI for crack initiation was evaluated for each model. Figure 5.18 plots the
normalised stress intensity, KI , at failure against normalised model size. It
was found that KI reduces with increasing model size for both lattice ori-
entations. Also, the two sets of results were asymptotic to almost the same
value with increasing model size. The orientation-y model is more sensitive
to the change of specimen size than the orientation-z model.
The largest model was created with W = 41.5l, which contained about
2.5 million nodes and 1.4 million elements. About 29 gigabytes of memory
was required for the analysis. No attempt was made to analyse a larger
model. However, a previous study on two-dimensional triangular lattices
suggested that a lattice model with a = 16l is large enough to provide an ad-
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equate prediction of the fracture toughness. The stress intensity at fracture
for the lattice model with W = 42l shown in Figure 5.18 was therefore taken
to be equal to the fracture toughness, KIC. The results also indicate that for
the specimen size used in the experiment (W = 17l), the measured KI at
initiation is approximately 10% higher than the fracture toughness, KIC.
(a) (b)
(c) (d)
Figure 5.14: Crack path predicted from FE analysis: (a)for orientation-y and
(b) for orientation-z show a side view of the models after failed elements
have been removed; (c)for orientation-y and (d)for orientation-z show the
elements that have failed in a perspective view.





Figure 5.15: Details of crack growth of orientation-y specimen





Figure 5.16: Details of crack growth of orientation-z specimen
5.3. RESULTS AND DISCUSSION 123
Figure 5.17: Lattice models created in different sizes





















Figure 5.18: Effect of specimen size on toughness measurement
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5.3.2 Fracture toughness of other orientations
The experiment results presented in this study suggests that the orientation-
y and orientation-z lattices exhibit almost identical fracture toughness,KIC.
Here, a set of numerical analysis is performed to evaluate the KIC of other
lattice orientations which are referred to as orientation-x and orientation-
FCC shown in Figure 5.19. The orientation-FCC is a face-centred cubic con-
figuration, and the loading is applied along the [1 0 0] direction according
to the coordinate system defined in Figure 5.1.
The material properties and element types adopted in this simulation are
identical to the model described in the Section 5.3.1. Based on size sensitiv-
ity analysis given by the Figure 5.18, the models were created with W = 42l
in order to achieve the asymptotic toughness value. Table 5.3 compared
the evaluated fracture toughness for each lattice orientation. It was found
the toughness of the orientation-x and orientation-FCC were very similar
compared to that of the orientation-y and orientation-z models. A small
discrepancy between the evaluated toughness was associated with the dif-
ferent level of strut bending exhibited at the crack tip. The bending stress
at crack tip was relatively large in the orientation-FCC model compared to
other orientations due to the large angle between the strut and loading di-
rections. This causes a higher axial stress and results in the reduction in its
toughness.
Figure 5.19: Compact tension models for orientation-x and orientation-FCC
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0.31 0.3 0.3 0.29
Table 5.3: Evaluated fracture toughness of octet-truss lattice for different
orientations.
5.4 Influence of specimen geometry
The experimental work was performed using the compact tension (CT) ge-
ometry. This section aims to investigate the influence of selection of model
geometry on the toughness measurement. The toughness was evaluated
from 4 geometries using an orientation-y structure: single edge notch ten-
sion (SENT), compact tension(CT), single edge notch bending(SENB) and
the thumbnail crack model, as shown in Figure 5.20 and 5.21. These geome-
tries include two and three-dimensional cracks and exhibit different level
of crack tip constraint, which was quantified by the T-stress. The T-stress
represents a lateral axial stress at the crack tip. It is the first non-singular
term in the Williams expansion of the stresses near the crack tip in a contin-
uum and thus has an effect only if there is a fracture process zone of finite
size. The significance of T-stress in fracture of two-dimensional lattices has
been explored by Fleck and Qiu[5], who concluded that T-stress effects are
more significant in a lattice compared to conventional materials. The study
showed that the stress in the most heavily loaded strut scales linearly with
the T-stress, and results in a change of toughness.
Each model geometry was created for five different sizes (relative to the
cell size) to establish the asymptotic value of KI . The strut length and radius
were defined as 10mm and 0.5mm. The material properties were assumed
to be linear elastic with modulus of 70GPa and failure stress of 140Ma. For
the SENT model, a uniformly distributed load was applied on nodes at the
top surface while the nodes at the bottom surface was constrained in the
loading direction, but allowing displacement in the lateral directions. The
crack length of the SENT was chosen to be half of the model width, a/W =
0.5. In the CT model, the motion of nodes around the pin holes are coupled
to a controlling point located at the centre of each pin hole. Point loads
are then applied on the controlling points to simulate conditions of a real
experiment. The normalised crack length, a/W, of the CT model was chosen
to be 0.38 according to the standard geometry defined by ASTM E399 [85].
The deeply notched SENB model was created with a/W = 0.5. The two
ends at the bottom surface are constrained in the vertical direction, and a
point load was applied at the center of the top surface. The loading con-
ditions applied to the thumbnail model was identical to that in the SENT
model, and the crack size was chosen to be a/W = 0.2.
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The magnitude of T-stress for each model geometry is shown in Table
5.4, where the T-stress was positive for the CT and deeply notched SENB
models[104, 105] and negative for the SENT and thumbnail crack models
[105, 106].
SENT SENB CT thumbnail
a/W = 0.5 a/W = 0.5 a/W = 0.38 ϕ = 0
T/ρσf -0.012 0.016 0.015 -0.024
KI/(ρσf
√
l) 0.25 0.26 0.26 0.22
Table 5.4: T-stress and toughness for different cracked geometries.
(a) (b)
(c)
Figure 5.20: Different model geometries created for orientation-y: (a)Single
edge notch tension(SENT), (b)Compact tension(CT) model, (c)Single edge
notch bending(SENB) model.
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(a)
(b)
Figure 5.21: Thumbnail crack model for orientation-y (a) front view of the
model (b) top view of the model with details of crack front
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Figure 5.22: Scaled toughness vs model size for different geometries.
Figure 5.23: Axial stress in the struts along the crack front of thumbnail
crack model (W = 20l) and compact tension model (W = 17l).
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The evaluated toughness are shown in Figure 5.22. It was found the
toughness measured from the SENT, SENB and CT models asymptote to a
very similar value, while the toughness obtained from the thumbnail crack
model was approximately 15% lower. This indicates that a significant error
will be incurred when using the KIC measured from CT specimen to charac-
terise the fracture strength of the thumbnail crack model. This discrepancy
is attributed to the changing condition of strut connectivity along the curved
crack front, leading to an increased stress in the struts with low connectivity.
Furthermore, the unit cell is not axisymmetric with regards to the vertical
axis which results in an asymmetric stress field.
Figure 5.23 shows the comparison of axial stress in the struts along the
crack front for compact tension and thumbnail crack model. The stress was
normalised by KI and
√
l, where the KI was taken at ϕ = 0 for the thumbnail
crack model. As shown in the Figure 5.23, the axial stress in the struts are
almost identical at the crack front for the compact tension model. A slightly
increased stresses have seen in the struts at the middle due to the influence
of out-of-plane constraint. In contrast, axial stresses in the struts along the
curved crack front are highly uneven and asymmetric. The most heavily
loaded strut have seen at 5π6 < ϕ < π, where the stress is significantly
higher than the maximum stress reached in the compact tension model.
It was also noticed that the toughness measured from the deeply notched
SENB and CT models are approximately 5% higher then that of the SENT
model, due to the influence of a positive T-stress. To demonstrate the effect
of T-stress on KI of the lattice, a modified boundary layer analysis(BLA) has
been performed. Due to the large computation effort required for large scale
three-dimensional model, a two-dimensional triangular lattice was used; A
large circular triangular lattice model was created with R = 100l, as shown
in Figure 5.24, which has been found to be sufficiently large to achieve con-
verged result [52]. The node displacements and rotations were applied to
the outer boundary based on KI asymptotic field with additional T-stress
terms:
































130 CHAPTER 5. FRACTURE BEHAVIOURS OF 3D LATTICES
Figure 5.24: Boundary layer analysis of a two-dimensional triangular lattice
Figure 5.25: Two parameters fracture criterion for two-dimensional triangu-
lar lattice structure
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The KI was evaluated for the model subjected to different magnitude of
T-stress, and the results were shown in Figure 5.25. It has been found that
the location of the most heavily loaded strut switched from strut a to strut
b when T-stress increases. When strut a is the most heavily loaded strut,
an increase in T-stress results in an increase in load carried by strut b and a
reduction in the load carried by strut a, leading to an increased in apparent
toughness. When T-stress is higher than the critical value, Tc, shown in
Figure5.24, strut b becomes the most heavily loaded strut and an increase
in T-stress results in an increase in load carried by the strut, leading to a
decrease in apparent toughness. The critical T-stress, Tc , was indicated in
Figure 5.25, and the KI became more sensitive to the change of T-stress for
T > Tc. A similar phenomenon has also been reported in the work of Fleck
and Qiu[5] where the stress in the most heavily loaded strut in a triangular
lattice reduces linearly with increasing T-stress.
5.5 Crack growth simulation
This section aims to simulate brittle fracture behaviours of the lattices us-
ing the SENT and thumbnail crack models created in orientation-x, -y and
-z. The fracture was simulated by reducing the element bending and ax-
ial stiffness to zero when the axial stress reached the failure stress, σf at an
integration point. This was implemented using a user defined field vari-
able(UDFV) subroutine in the Abaqus. Timoshenko beam elements were
used and the failure stress, σf ,was set to 140 MPa.
In the SENT and the thumbnail models a fixed displacement was applied
on the top surface, while the bottom surfaces were constrained in the load-
ing direction. Crack paths are shown by highlighting the failed elements in
Figure 5.26 and 5.28. More detailed visualisations are given in Figure 5.27.
The crack path depends on both the structural orientation and geometry.
In the SENT model, the crack paths of orientation-x and orientation-z struc-
tures were perpendicular to the loading direction, as shown in Figure 5.26(a)
and (c). However, the crack in the orientation-y structure deviated from the
original orientation by 30◦, shown Figure 5.26(b). This agrees with the ex-
periment observation from the Section 5.2 on compact tension specimen.
The performance of the thumbnail crack was also found to be orientation
dependent. In the orientation-y and -z structures, the crack paths deviated
from the horizontal plane, particularly in orientation-z structure, where the
crack path was conical, as shown in Figure 5.28(c). The fracture response
curves were plotted for each orientation. There was no significant orienta-
tion dependency observed in terms of fracture load in the SENT, shown in
Figure 5.29.
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In the thumbnail crack model, orientation-z shows a significantly higher
fracture resistance compared to the other orientations, because the initial
crack propagation is along a macroscopically conical surface, leading to an
increasing number of struts at the crack front. The peak nominal stress (load
over the net area of the top surface) was achieved after the conical propaga-
tion stage gave way to the horizontal fracture surfaces. The peak load of the
orientation-z model cannot be adequately characterised using the tough-
ness, KIC, measured from the lattice models with linear crack front such
as the CT and SENT models. However, it is still unclear how much these
observations are affected by limited model sizes (width and depth). The
thumbnail crack model used in the simulation contains about 1.6 million
nodes and 1.7 million elements, and a large number of increments are re-
quired to ensure the accuracy of the prediction. Thus,the fracture behaviour
in a larger thumbnail crack model was not conducted in this work. Open
source FE solvers such as ParaFEM may be considered in the future work to
reduce computation time.
(a) orientation-x (b) orientation-y
(c) orientation-z
Figure 5.26: The crack paths in the SENT model for three lattice orientations,
W = 13l and a/W = 0.25.




Figure 5.27: The detailed crack paths in the SENT models for the three ori-
entations in X−Y plane.




Figure 5.28: The crack paths in the thumbnail crack model for the three
lattice orientations, W = 20l and a = 4l.
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Figure 5.29: The fracture responses of SENT models.
Figure 5.30: The fracture responses of thumbnail crack models.
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5.6 Concluding remarks
This chapter investigated the fracture behaviour of the octet-truss lattice.
The fracture toughness has been experimentally measured from compact
tension specimens fabricated using the selective laser melting (SLM) tech-
nique. A similar work has been conducted by M.O’Masta et.al.[4] where
the KIC of a orientation-FCC structure fabricated using snap-fit method was
measured from a three-point bending fracture test. The specimen fabricated
by selective laser melting showed a reasonable dimensional accuracy and
significantly smaller volume of joints compared to lattices made by snap-fit
method. Hence the properties are adequately predicted by the discrete FE
models using beam elements.
The experiment results reveals that the change of lattice orientation leads
to significant differences in crack paths, while the influence on the tough-
ness is small. The measured toughness is plotted on the material prop-
erty chart to compare with the property of other categories of materials in-
cluding the fracture toughness of titanium octet-truss lattice measured by
M.O’Masta et.al, as shown in Figure 5.31. A relatively high fracture tough-
ness is measured from the Aluminium octet-truss lattices compared to na-
ture materials and foams at the same density.
The influence of specimen geometry on the lattice toughness was ex-
plored. A very similar results were evaluated from from the compact ten-
sion(CT), single edge notch bend(SENB) and single edge notch tension(SENT)
models. A small discrepancy was noticed between these results which was
attributed to the different level of T-stresses exhibited in each model geom-
etry. The boundary layer analysis(BLA) revealed that the maximum axial
stress in the strut changes linearly with T-stress.
Furthermore, a sufficiently large T-stress could lead to the switch in loca-
tion of the most heavily loaded strut. The critical T-stress, Tc, was evaluated,
such that for T < Tc, the KI linearly increased with T-stress due to the reduc-
tion of strut bending at the crack tip. The location of the maximum stress
was reached in a different strut for T > Tc, and with further increase in the
T-stress resulted in a reduced KI .
The thumbnail crack model exhibited a significant different fracture be-
haviour compared to CT and SENB models. This is attributed to the varia-
tion of structures along the curved crack front, which generated more com-
plexity compared to the model with linear crack front. The toughness eval-
uated using the thumbnail crack model was found to be 15% lower than the
CT and SENB models. Also a very different crack path was observed from
the orientation-z lattice, where the crack path is conical.
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Figure 5.31: Material property chart of the fracture toughness,KIC, against
density. The property values were sourced from [1], and the fracture tough-
ness of Ti octet-truss lattice was based on the measurement from M.O’Masta
et.al.[4].




The central thesis of this dissertation is to present experimental study to
explore mechanical properties of two and three-dimensional lattices. The
property of lattices does not solely depend on unit cell geometry, but is also
on the number of cells included in models, and crucially on the lattice ori-
entation. The experimental outcomes produced from this dissertation also
demonstrated the reliability of proposed numerical and analytical models.
Chapter 2 reviewed current researches associated with the mechanical
behaviours of periodic lattices. In the analytical and numerical analysis, the
lattices have been modelled as interconnected beams, and their mechani-
cal properties were therefore derived according to the beam theory. The
same methodology was applied to investigate fracture behaviours of lat-
tices including fracture toughness, crack path and crack-tip field. However,
not many existing literatures characterised the properties of lattices fabri-
cated by modern manufacturing techniques and provided guidance regard-
ing how reliable the numerical predictions are.
Following on from this, Chapter 3 presented a comprehensive study to
illustrate mechanical properties of two-dimensional triangular lattices. The
influence of lattice orientation on the mechanical properties was considered
in the numerical analysis. The results suggested that the lattice modulus
was isotropic but the yield strength was strongly dependent on the orien-
tation. It was noticed that the 30◦ orientation exhibited the highest yield
strength suggesting this lattice orientation was the most weight efficient.
This conclusion has been further approved by the unaxial tensile tests. The
specimens produced from water-cutting technique showed a reasonable di-
mensional accuracy and the measured properties agreed well with that pre-
dicted by discrete FE models using beam elements. This agreement signif-
icantly increases the confidence of using this numerical method for future
studies.
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The discrete beam model has been applied to explore fracture toughness
of the triangular lattices. It has been illustrated in Chapter 3 that the depen-
dency of the fracture toughness upon the lattice orientation was affected by
the ductility of the strut material. For brittle triangular lattices, the change
in lattice orientation only produced a small influence on fracture toughness,
while the evaluated fracture toughness varied by 40% with the change of lat-
tice orientation when the strut material exhibited significant plasticity. The
elastic modulus and yield strength of three-dimensional octet-truss lattice
were described in Chapter 4. The results once again highlight the signifi-
cance of the lattice orientation effect. It was noticed that the modulus can be
varied by 20% while the yield strength can be doubled when the lattice ori-
entation was changed. Furthermore, the effect of finite cell number has been
seen that an increased modulus and yield strength were evaluated from the
model with reduced number of cells.
Chapter 5 started with presenting an experimental study to demonstrate
the fracture behaviour of the octet-truss lattices. Despite the existence of im-
perfections such as surface roughness and porosity observed on the lattice
specimens fabricated by selective laser melting process, the fracture tough-
ness and crack paths can be well predicted by discrete FE models. The octet-
truss lattices comprised of brittle struts exhibited almost isotropic fracture
toughness. This phenomenon agreed well with the conclusion drawn from
Chapter 3 on two-dimensional triangular lattices. Further, a distinct ini-
tial rising part in KR was noticed. A similar phenomenon has been com-
monly seen in metal foams due to the effect of crack bridging [107]. How-
ever, in the octet-truss lattices, the increase in fracture resistance was at-
tributed to the change of strut arrangement ahead of crack tip. Conse-
quently, a stronger structural configuration was formed with more evenly
distributed load across the crack front, leading to the reduction of stress in
the most heavily loaded strut. This toughening mechanism can be poten-
tially adopted in the future topology design for achieving a high toughness.
Finally, the numerical analysis illustrated that the identical toughness
can be evaluated from different model geometries. The results suggested
that the fracture strength of the lattices can be adequately predicted using
the linear elastic fracture mechanics(LEFM) based on the toughness value
measured from any standard fracture specimen. However, it was noted
that the toughness evaluated from models with a linear crack front over-
estimated the fracture strength of a thumbnail crack model, where a highly
uneven stress distribution has been seen along the curved crack front due to
the changing condition of connectivity. An increased stress was noticed at
the strut where its local connectivity was low, leading to a reduction in frac-
ture resistance. This set of numerical results further enhanced confidence of
applying LEFM on lattice models with linear crack front, but raised concern
of implementing the same methodology to predict fracture strength when
the crack geometry was changed.
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6.2 Recommendations for future work
1. The present work reveals that the LEFM is inadequate to be used
for predicting the fracture strength for the thumbnail crack models. Future
work could perform an experimental study to validate this phenomenon
and explore a methodology to assess the influence of the complexity of crack
tip structure ahead of a curved crack front.
2. The fracture performances of two-dimensional triangular lattice is ex-
plored in this study. It is noticed that some struts are under compression
when a tensile load is applied to the lattice. Hence, a numerical analysis
could carry out to explore the condition that the strut buckling occur prior to
the fracture of the tensile loaded struts and investigate how the macroscopic
fracture performances could be affected by the local buckling behaviour.
3. The crack path is found to be orientation dependent in this study. It
deviates from its initial direction in some lattice orientations, while grows
horizontally in others. A structure could be designed by comprising of dif-
ferent orientated cells to achieve a desired crack path, and improve fracture
performances.
4. In this study, fracture behaviour is investigated using models with a
single crack. The interaction of multiple cracks is not clear. The future work
could carry on a numerical study to explore the influence of parallel cracks
and illustrate how stress at the most heavily loaded strut could be shielded
by the surrounding cracks.
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